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G R A P H I C A L A B S T R A C T

H I G H L I G H T S

Cascading flows of polyhedral particles in a rotating drum are simulated.
Drum cascading flow can be modeled in terms of a single dimensionless parameter.
The proposed scaling implies simple linear relations between flow variables.
Particle coarsening analysis reveals dependence of flow behavior on particle size.
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A B S T R A C T

We use particle dynamics simulations to investigate the rheology of granular flows composed of regular
octahedral particles in a rotating drum. We focus on the cascading regime and perform an extensive parametric
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study by varying drum size, particle size, rotation speed, and filling degree. Our simulations indicate that the
passive layer undergoes quasistatic shearing and, in contrast to spherical particle flows, no sliding occurs at
the drum wall due to the angular particle shape. A scaling parameter combining the Froude number, the
ratio of drum to particle size, and the filling degree captures the kinematic and dynamic characteristics of
the granular flow such as free surface shape, shear velocity, flow thickness, and inertial number. This scaling
suggests simple linear correlations between free surface curvature, flow thickness, and inertial number. We
also show that this scaling is fully consistent with the expected effects of increasing particle size.
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1. Introduction

The flow of granular materials inside a rotating drum is extensively
applied in industrial processes such as mixing, grinding, granulation of
granular materials. Although it has been studied by means of numerical
models and experiments in recent years, there still remain open issues
due to the complex and heterogeneous flow combining the upward
rigid-body motion of the particles at the drum wall, downward bulk
flow, and free surface dynamics [1,2]. Drum flows are commonly
classified into six different regimes: slipping, slumping, rolling, cascad-
ing, cataracting, and centrifuging [3–5]. These regimes are obtained
by increasing the Froude number, Fr = 𝜔2𝑅∕𝑔, where 𝜔 is rotation
peed, 𝑅 is drum radius and 𝑔 is gravity acceleration. The cascading
egime provides a suitable particle flow configuration for industrial
pplications involving convection, mixing, segregation, and milling of
articles [1,4,6,7]. This is mainly due to the fact that this regime
nvolves a continuous inertial flow of particles cascading downward
ue to gravity along a curved free surface and within a thick flowing
ayer [1,8].

A major issue regarding drum flows is that they depend not only
n the Froude number but also on other system parameters such
s particle size and filling degree whose effect on the flow has not
een fully understood [3,8,9]. Several scaling laws that include the
ystem parameters have been proposed. For instance, Félix et al. [10]
ntroduced a scaling law linking mean velocity ⟨𝑣⟩ and thickness ℎ𝑎 of
he active (flowing) layer through a power law ⟨𝑣⟩ ∼ ℎ𝑚𝑎 , where the
xponent 𝑚 decreases with increasing size ratio 𝐷∕𝑑, with 𝐷 and 𝑑
eing the drum and particle diameters, respectively. Pignatel et al. [11]
ound a constant value 𝑚 ≃ 1.27 whereas Govender et al. [12] found
≃ 0.997 in their work. By using theoretical and numerical models,

aberlet et al. [13] showed that the end walls are responsible for the
urvature of the free surface, which is controlled by a dimensionless
umber including drum width, drum diameter, and rotation speed. In
he case of wet granular flows of glass beads in rolling regime, Jarray
t al. [14] found experimentally that dynamic angle of repose can
e scaled by a parameter combining the Froude number and Weber
umber (ratio of inertial forces to capillary forces). The flow variables
n the cascading regime were studied by Orozco et al. [1] who proposed
scaling by a single parameter that combines the Froude number, drum

ize 𝐷, particle size 𝑑, and filling degree 𝐽 .
The above examples show that, although most previous studies

ave focused on the rolling regime and the flow of spherical particles,
here are significant differences between the proposed scaling laws.
urthermore, the cascading regime has received much less attention
nd has been only recently studied on a systematic basis [1,2]. Another
mportant issue concerns the influence of particle shape on the flow
egimes and more specifically on the behavior of the cascading regime
15–19]. With increasing computational power and optimization of
ontact detection algorithms, aspherical shapes are becoming accessible
o large-scale particle dynamics simulations based on the Discrete
lement Method (DEM). Examples of particles shapes that have been
sed in rotating drums for different applications are ellipsoids [20–23],
urperquadrics [24–26], arbitrary-shaped clumps of spheres [27–29],
nd polyhedra [30–33].

Among these shapes, polyhedral particles are of primary importance
2

ince they are common in many applications and in nature, and also
ecause arbitrary particles shapes can in principle be represented as
olyhedra by meshing their surface into polygons. A key aspect of
olyhedral particles is that they can interact through face-face, face-
dge, vertex-face, and edge-edge contacts, which must be taken into
ccount both in the contact detection procedure and for the calculation
f forces. The distinction of contact types in drum flows has been
ddressed by a few recent DEM developments [7,24,33,34].

In this paper, we use DEM simulations to analyze granular flows
f octahedral particles in rotating drums in the cascading regime. The
imulations are based on an original approach dealing properly with
ifferent contact types. We perform extensive simulations for a wide
ange of values of rotation speed, drum diameter, particle diameter,
nd filling degree. By a detailed analysis of flow variables such as
he average and maximum slopes of free surface, flow thickness, shear
ate, and inertia number in the flowing layer we find a dimensionless
caling parameter that accounts for the effect of all system parameters.
n particular, we focus on the effect of particle-coarsening and we show
hat it is consistent with our scaling of flow variables. As we shall
ee, our scaling works also for spherical particles allowing thereby to
ighlight the effect of polyhedral particle shape through differences
etween model parameters.

In the following, we first introduce in Section 2 the numerical model
nd the procedures used to simulate drum flows. In Section 3, we
escribe the particle velocity fields and free surface profiles of drum
lows. The scaling law of cascading flows will be proposed in Section 4.

e also introduce a particle coarsening model in Section 5. Finally, we
iscuss the most salient results of this work in Section 6.

. Numerical model and procedures

.1. Simulation of polyhedral particles

The simulations were carried out by means of DEM in which poly-
edral particles are treated as rigid bodies while the contacts between
hem are assumed to be compliant and obeying a viscoelastic be-
avior [35–37]. Polyhedral particles are transformed by means of
inkowski sum with a sphere of a small radius 𝑅𝑚 [38]. This operation

moothens the polyhedra by replacing all edges by thin cylinders and
ll vertices by spheres. As a consequence, each polyhedron consists of
hree sub-elements, namely vertices which are small spheres of radius
𝑚, edges which are cylinders of radius 𝑅𝑚 connecting two vertices,

and faces which are planes of thickness 2𝑅𝑚 connecting at least three
vertices.

The contacts between two polyhedra are represented by the contacts
of its sub-elements, leading to six contact types: vertex-face, edge-
edge, vertex-edge, vertex-vertex, edge-face, face-face. The unilateral
constraint associated with these contact types do not have the same
nature. The vertex-face, vertex-edge, vertex-vertex, and edge-edge in-
teractions involve a single contact point, which can be treated in the
same way as the contacts between spherical particles. Such simple
contacts represent a single unilateral constraint as shown in Figs. 1(a)
and 1(b). In contrast, a face-face contact is a plane that needs at
least three points for its definition. Therefore, a face-face contact is
equivalent to three simple contacts or unilateral constraints [37,39].
This means that at least three contact points are necessary to represent
the contact. Note that, the number of contact points can be larger

depending on the number of edges as illustrated in Fig. 1(d), but the
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Fig. 1. Different types of contacts between two polyhedra: (a),(b) simple contact, (c)
double contact, and (d) triple contact.

number of independent constraints is always 3 since the particles are
rigid. In a similar vein, edge-face interactions need two contact points
as shown in Fig. 1(c). For this reason, edge-face and face-face contacts
can be described as ‘double’ and ‘triple’ contacts, respectively.

At each contact point, either a linear or a nonlinear force law is
implemented. For smooth particle surfaces with well-defined curvatures
at the contact point, the Hertz law can be used. However, in this paper
due to the faceted shape of particles, we used linear elastic law which
is equivalent to a linear unilateral spring acting the contact point. To
account for contact inelasticity, a viscous damping term is added to the
normal elastic repulsion force. Let 𝑛 and 𝑡⃗ be the normal and tangential
unit vectors at a contact point 𝑐 between particles 𝑖 and 𝑗. The force
𝑓 = 𝑓𝑛𝑛+𝑓𝑡 𝑡⃗ acting by particle 𝑗 on particle 𝑖 is expressed as a function
of the normal overlap 𝛿𝑛 and cumulative tangential displacement 𝛿𝑡.
The normal force law is defined as follows [35,40]:

𝑓𝑛 =

{

0, 𝑓𝑛 ≤ 0,
𝑓𝑛, 𝑓𝑛 > 0,

(1)

where 𝑓𝑛 = 𝑘𝑛𝛿𝑛 − 2𝑎
√

𝑘𝑛𝑚 ̇𝛿𝑛, 𝑘𝑛 is normal stiffness, 𝛿𝑛 is overlap
(with sign convention that 𝛿𝑛 > 0 when two particle overlap), ̇𝛿𝑛
is the relative normal velocity, 𝑚 is reduced mass of two touching
particles, and 𝑎 is the dimensionless damping parameter which can
take a value between 0 and 1. For 𝑎 = 0, the contact is fully elastic
whereas for 𝑎 = 1 the contact is fully inelastic. In binary collisions,
the normal restitution coefficient is a decreasing function of 𝑎 [41,42].
It is noteworthy that energy dissipation in dense granular flows is a
collective multicontact process that involves elastic wave propagation
across the system. Typically low-frequency vibration modes are damped
slowly in DEM calculations. For this reason, in DEM simulations of
dense granular flows it is convenient to enhance contact dissipation by
setting the restitution coefficient to a value close to zero (i.e. 𝑎 close to
1). In our simulations, we set the coefficient of restitution to 0.001.

The tangential force 𝑓𝑡 is governed by the Coulomb friction law:

𝑓𝑡 = 𝑚𝑖𝑛{|𝑘𝑡𝛿𝑡|, 𝜇𝑠𝑓𝑛}, (2)

where 𝑘𝑡 is tangential stiffness, 𝛿𝑡 is cumulative tangential displace-
ment, and 𝜇𝑠 is the interparticle friction coefficient. The orientation of
the tangential force 𝑡⃗ is opposite to either the relative elastic displace-
ment 𝛿𝑡 below the Coulomb threshold or the relative velocity 𝑣𝑡 at the
contact point when the Coulomb threshold is reached.
3

Fig. 2. Geometrical parameters of granular flow in rotating drum in the steady state
(a), and particle velocity profile along the bed depth direction in the center of the
cylinder (b).

Table 1
Simulation parameters.

Parameter Symbol Value Unit

Number of particles 𝑁𝑝 [2522; 18 392] –
Particle density 𝜌𝑠 1.2 × 104 kg/m3

Normal stiffness 𝑘𝑛 108 N/m
Tangential stiffness 𝑘𝑡 8 × 107 N/m
Restitution coefficient 𝑒2𝑛 0.001 –
Friction coefficient 𝜇 0.4 –
Gravity acceleration 𝑔 9.81 m/s2
Mean particle diameter 𝑑 [0.682; 1.092] mm
Rotation speed 𝜔 [10; 20] rad/s
Drum diameter 𝐷 [30; 55] mm
Drum width 𝑊 6 mm
Froude number Fr [0.12; 0.70] –
Filling degree 𝐽 [0.29; 0.40] –

2.2. Sample setup and boundary conditions

We consider horizontal drums of diameter 𝐷 = 2𝑅 and width
𝑊 filled with monodisperse octahedral particles of diameter 𝑑, and
subjected to rotation speed 𝜔 as illustrated in Fig. 2(a). We used a
monodisperse system to avoid introducing unnecessary parameters.
Note also that long-range ordering in monodisperse systems is a pathol-
ogy of 2D systems. A packing of monodisperse particles in 3D does
not develop long-range ordering. Octahedral particle shape was chosen
due to its high angularity, distinguishing it from spherical shape [37].
Periodic boundary conditions are imposed along the drum axis 𝑦 to
reduce wall effects. This makes the flow invariant along the 𝑦 axis.
The filling degree is defined by the ratio 𝐽 = ℎ0∕𝐷, where ℎ0 is the
thickness of granular material at the midpoint of the free surface at rest.
The friction coefficients between particles and with drum wall are set
to 𝜇 = 0.4, which is a common value used for smooth drum wall [1,43].

The simulations were carried out for a broad range of values of 𝜔,
𝐷, 𝑑, and 𝐽 as shown in Table 1. As we shall see, the selected ranges of
these parameters the flow is in the cascading regime. In order to isolate
the effect of drum size, particle size and filling degree, we performed
four sets of simulations. In the first set (set A), drum diameter 𝐷 was
changed for 𝑑 = 0.682 mm and 𝐽 = 0.40. In the second set (set B), 𝑑
was varied for 𝐷 = 40 mm and 𝐽 = 0.40. In the third set (set C), 𝐽
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Fig. 3. Velocity vector fields in drum of the size ratios 𝐷∕𝑑 = 81 (a), the free surface
in drums of different size ratios (b). The filling degree (𝐽 = 0.4), mean particle diameter
(𝑑 = 0.682 mm), and rotation speed (𝜔 = 12 rad/s) are the same in all cases. The arrow
length and color are proportional to particle velocity magnitude.

was changed for 𝐷 = 40 mm and 𝑑 = 0.682 mm. Furthermore, to verify
the accuracy of the scaling law that will be discussed in this paper, we
performed more simulations by changing all parameters simultaneously
(set D).

The simulations were run for at least 10 drum rotations to allow
the system to reach a steady flow state. The data analyzed in this
paper, such as the free surface profile, flow thickness, relative particle
velocities, flow rate, and inertia number are averaged over time in the
steady state.

3. Particle velocity fields and free surface profiles

A snapshot of particle velocity vectors in a rotating drum of size
ratio 𝐷∕𝑑 = 81, and the free surface for different size ratios, but with
the same filling degree 𝐽 and rotation speed 𝜔, are displayed in Fig. 3.
The largest velocities are located at the center of free surface where
particles are cascading down, and they increase in magnitude with
drum size despite the constant value of rotation speed 𝜔. We see that
for all values of size ratio the flow is in the cascading regime with a
free surface curvature that increases with size ratio.

Two examples of averaged particle velocity fields in drums of
different size ratios are displayed in Fig. 4. The velocity vectors are
projected on the secant slope. Positive values correspond to particles
4

Fig. 4. Time-averaged particle velocity field in drums of two different size ratios 𝐷∕𝑑
of 44 (a) and 81 (b) for filling degree 𝐽 = 0.4, mean particle diameter 𝑑 = 0.682 mm,
and rotation speed 𝜔 = 12 rad/s in all cases. The particle velocity is projected on the
secant slope defined by its angle 𝜃𝑚.

flowing downward under the effect of gravity whereas negative values
correspond to upward motion of the particles. From the velocity field,
we clearly distinguish the active layer (upper) from the passive layer
(lower). The passive layer behaves as a solid body undergoing slow
deformation against the drum wall. When the particles reach the free
surface, they join the active layer at different positions above the bor-
derline between the two layers, flow downward, and eventually rejoin
the passive layer. We also see the boundary at the interface between
the active and passive layers. The flow thickness ℎ𝑏 is evaluated from
the free surface along the line passing by the midpoint of the secant
slope and perpendicular to it (see Fig. 2(a)). The secant line is defined
by joining the uppermost point of the free surface to its lowermost
point. The active layer thickness ℎ𝑎 is part of ℎ𝑏, and is defined as
the distance from the free surface to the interface between the active
and passive layers (see Fig. 2(b)). The active layer thickness ℎ𝑎 is
an important parameter for phenomena such as mixing, segregation,
and heat transfer in rotating drums [3,4] and it varies with system
parameters in the cascading regime.

Fig. 5 displays the velocity profile along the bed depth direction
(with depth ℎ measured from the free surface) for our three data sets
(set A, set B, and set C). The particle velocity is projected on the secant
slope defined by the angle 𝜃𝑚. The profile in the passive layer is almost
linear. From 𝑣 ≃ −0.5𝜔𝑅 to 𝑣 ≃ 0, we observe an intermediate region
over which the transition to the active layer occurs. For 𝑣 > 0, the
particles are in the active layer and the velocity profile is again nearly
linear [6,24,44]. The transition zone is the locus of convective rolls
that accommodate strain fields between the passive and active layers as
suggested by the particle velocity vectors shown in Fig. 3. The thickness
of this zone is nearly 5 particle diameters in the center of the drum. In
Fig. 5(a) we observe that for 𝐷∕𝑑 = 74 and 𝐷∕𝑑 = 81 the velocity
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Fig. 5. Time-averaged velocity profile in the center of the drum as a function of depth
measured from the free surface and normalized by the total bed depth ℎ𝑏 for three data
sets: (a) set A (𝐷 is varied) with 𝜔 = 15 rad/s, 𝑑 = 0.682 mm, (b) set B (𝑑 is varied)
with 𝜔 = 15 rad/s, 𝜉 = 𝑑∕𝑑0, where 𝑑0 = 0.682 mm, and (c) set C (𝐽 is varied) with
𝜔 = 10 rad/s, 𝑑 = 0.682 mm. The particle velocity is projected on secant slope and
normalized by 𝜔𝑅.

profile tends to turn upward near the free surface, deviating from the
linear profile. This is due to the high value of Froude number and small
size of the particles, which, as we shall see, lead to larger curvature of
the free surface and increasing fluidization in the center of the flow.
This deviation is a signature of transition to the cataracting regime in
which the particles in the center of flow follow a ballistic motion.

It is noteworthy that the particle velocity of the layer in contact with
the drum wall is close to 𝜔𝑅, implying that the particles do not slide
along the drum wall. Slippage of particles against drum wall has been
observed in the case of spherical particles. We also see that the ratio
ℎ𝑎∕ℎ𝑏, where ℎ𝑏 is the thickness of the flow in the center of the drum
during flow, and the free surface curvature increase with increasing
drum size [1]. On the other hand, the free surface velocity and the
ratio ℎ𝑎∕ℎ𝑏 decrease for larger particle sizes.

To characterize the free surface shape, we define two slope angles:
the secant slope 𝜃𝑚 and the tangent slope 𝜃𝑚𝑎𝑥 of the steepest descent
along the free surface, as shown in Fig. 2(a). The secant slope represents
the average slope of the free surface. The angle 𝜃𝑚𝑎𝑥 reflects the
kinematics of the free surface flow and the flow rate due to the amount
of feeding particles. The rotation speed 𝜔 or Froude number Fr are
5

Fig. 6. The ratios (a) 𝜃𝑚𝑎𝑥∕𝜃𝑚 and (b) ℎ𝑎∕ℎ𝑏 as a function of size ratio 𝐷∕𝑑 for different
rotating speeds 𝜔 for 𝑑 = 0.682 mm and variable drum diameter 𝐷. The error bars
represent standard deviation in steady flow.

insufficient to capture the evolution of 𝜃𝑚 and 𝜃𝑚𝑎𝑥 [1,9]. The slope
ratio 𝜃𝑚𝑎𝑥∕𝜃𝑚 represents a measure of the curvature of the slope. Its
significance appears through its scaling with system parameters, as we
shall see below.

The evolutions of slope ratio 𝜃𝑚𝑎𝑥∕𝜃𝑚 and thickness ratio ℎ𝑎∕ℎ𝑏 as a
function of size ratio 𝐷∕𝑑 are shown in Fig. 6 for data set A with four
values of 𝜔. We see that both ratios increase with drum size and with
rotation speed in agreement with previous studies [1]. Note that all
data points shown in Fig. 6 are in the cascading regime. The maximum
values reached are 𝜃𝑚𝑎𝑥∕𝜃𝑚 = 1.7 and ℎ𝑎∕ℎ𝑏 = 0.5. Beyond this limit,
a crossover is observed from cascading flow to cataracting flow. By
definition, in the rolling regime we have 𝜃𝑚𝑎𝑥∕𝜃𝑚 = 1. Hence, it is
expected that the lowest value of this ratio is 1 and occurs at crossover
from rolling regime to cascading regime. However, in Fig. 6 we see that
the lowest value is ∼ 1.3. This point will be discussed in Section 4.

Let us define 𝑣𝑟 as the relative velocity of particles in contact with
drum wall:

𝑣𝑟 = 𝜔𝑅 − 𝑣𝑤, (3)

where 𝑣𝑤 is the time-averaged velocity of particles in contact with
drum wall in the steady state. Fig. 7 shows 𝑣𝑟 as a function of the
relative velocity 𝛾̇𝑝𝑑, where 𝛾̇𝑝 is shear rate in the passive layer. We see
that 𝑣𝑟 increases with and is nearly equal to 𝛾̇𝑝𝑑. This means that the
value of 𝑣𝑤 is mainly controlled by shearing in the passive layer rather
than sliding against the drum wall. The absence of sliding at the drum
wall can be attributed to the lower mobility of polyhedral particles as
compared to spherical particles [1,13]. In the rolling regime, where
wall sliding is often observed, 𝑣𝑟 is much higher than ̇𝛾𝑝𝑑 [45].

Since there is almost no sliding at the wall, mass conservation im-
plies that the upward flux of particles in the passive layer must be equal
to the downward flux in the active layer. Let us consider the flow rate
per unit of width 𝑄 = 𝛷𝑣ℎ, where 𝛷, 𝑣, and ℎ are solid fraction, average
velocity and thickness of a layer, respectively. In the passive layer, the
average flow rate is given by 𝑄𝑝 ≃ ⟨𝛷𝑝⟩(ℎ𝑏 − ℎ𝑎)⟨𝑣𝑝⟩, where ⟨𝛷𝑝⟩ and
⟨𝑣 ⟩ are the average solid fraction and velocity, respectively, in the
𝑝
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Fig. 7. The relative velocity of particles in contact with drum wall as a function of
the relative velocity 𝛾̇𝑝𝑑 inside the passive layer for a range of different values of drum
diameter 𝐷 and particle diameter 𝑑.

Fig. 8. Dimensionless flow rate 𝑄𝑎 in the active layer as a function of dimensionless
flow rate 𝑄𝑝 in the passive layer, both normalized by 𝑑

√

𝑔𝑑, where 𝑔 is gravity
acceleration. The dashed line represents the line 𝑄𝑎∕(𝑑

√

𝑔𝑑) = 𝑄𝑝∕(𝑑
√

𝑔𝑑).

passive layer evaluated for the whole period of flow. In the same way,
in the active layer, the average flow rate is 𝑄𝑎 ≃ ⟨𝛷𝑎⟩ℎ𝑎⟨𝑣𝑎⟩, where
⟨𝛷𝑎⟩ and ⟨𝑣𝑎⟩ are the average solid fraction and velocity, respectively,
in the active layer. Fig. 8 shows 𝑄𝑎∕(𝑑

√

𝑔𝑑) as a function of 𝑄𝑝∕(𝑑
√

𝑔𝑑)
for all our datasets. We see that all data points collapse well on the
𝑄𝑎∕(𝑑

√

𝑔𝑑) = 𝑄𝑝∕(𝑑
√

𝑔𝑑) line. This confirms that sliding at the wall
is negligible. Deviations are due to the fact that the flow profile is not
symmetric around the secant line used to define the average direction of
flow and the interface between the passive and active layers fluctuates
in time.

4. Scaling behavior of cascading flows

Dimensional analysis suggests that the flow behavior depends on
three dimensionless numbers: (1) Froude number, which accounts for
the dynamics and inertial effects, (2) size ratio 𝐷∕𝑑 accounting for
finite-size effects, and (3) filling degree 𝐽 characterizing the geometry
of the flow. As suggested previously for spherical packings [1], we look
for a general dimensionless scaling parameter based on a multiplicative
combination of the above three parameters:

𝛤 = Fr𝛼
(𝐷
𝑑

)𝛽
𝐽 𝛾 , (4)

where the exponents 𝛼, 𝛽, and 𝛾 will be fixed from the simulation
data. Since 𝐽 = ℎ0∕𝐷 and Fr = 𝜔2𝑅∕𝑔, the scaling parameter 𝛤 is
proportional to 𝜔2𝛼𝐷𝛼+𝛽−𝛾𝑑−𝛽 .

To find the values of the three exponents, we can use any dynamical
variable of the system as a function of 𝛤 . The value of 𝛼 can be
calculated by plotting the relation between 𝑣𝑟 and 𝜔 while keeping
other system parameters constant. In Fig. 9, we plot the normalized
6

Fig. 9. The normalized relative velocity of particles in contact with drum wall as a
function of rotation speed 𝜔 for different values of drum diameter 𝐷 and constant
mean particle diameter 𝑑 = 0.682 mm and filling rate 𝐽 = 0.40.

Fig. 10. Relative velocity of particles at drum wall as a function of mean particle
diameter 𝑑 for different values of rotation speed 𝜔 and constant drum diameter
𝐷 = 40 mm and filling rate 𝐽 = 0.40.

Fig. 11. The normalized velocity of particle in contact with drum wall as a function
of the scaling parameter 𝛤 defined by Eq. (4) with 𝛼 = 1∕2, 𝛽 = 1∕2, 𝛾 = 1∕4 for all
simulation data.

velocity 𝑣𝑟∕
√

𝑔𝑑 as a function of 𝜔 for different values of drum size 𝐷
with the same values of 𝑑 and 𝐽 . We see that 𝑣𝑟∕

√

𝑔𝑑 is proportional to
𝜔 so that 𝛼 = 1∕2. The value of 𝛽 can be extracted from the relation of
𝑣𝑟 and 𝑑 while keeping 𝐷, 𝐽 , and 𝜔 at constant values. Fig. 10 shows
that 𝑣𝑟 is independent of 𝑑, meaning that 𝑣𝑟∕

√

𝑔𝑑 ∼ 𝑑−1∕2, and thus we
have 𝛽 = 1∕2.

With the values 𝛼 = 1∕2 and 𝛽 = 1∕2, we plotted normalized relative
velocity 𝑣𝑟∕

√

𝑔𝑑 as a function of 𝛤 for all our simulation data and we
found that all the data collapse on a master curve for 𝛾 = 1∕4, as shown
in Fig. 11. Furthermore, this curve is a linear function:
𝑣𝑟

√
≃ 0.29𝛤 − 0.05. (5)
𝑔𝑑
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Fig. 12. Thickness ratio ℎ𝑎∕ℎ𝑏 (a) and slope ratio 𝜃𝑚𝑎𝑥∕𝜃𝑚 (b) as a function of the
scaling parameter 𝛤 defined by Eq. (4) with 𝛼 = 1∕2, 𝛽 = 1∕2, 𝛾 = 1∕4 for all simulation
data. The dashed lines are fitted lines proposed.

This simple relation suggests that 𝛤 = Fr1∕2(𝐷∕𝑑)1∕2𝐽 1∕4 can be the
scaling parameter not only for 𝑣𝑟 but for all flow variables of the
system. Indeed, as shown in Fig. 12, within statistical precision of the
simulation data, both the thickness ratio ℎ𝑎∕ℎ𝑏 and slope ratio 𝜃𝑚𝑎𝑥∕𝜃𝑚
are well fit to linear functions of 𝛤 for all our simulation data:
ℎ𝑎
ℎ𝑏

≃ 0.07𝛤 + 0.16, (6)

and
𝜃𝑚𝑎𝑥
𝜃𝑚

≃ 0.15𝛤 + 1.00. (7)

We also note that in Fig. 12 the data points at higher values of
𝛤 seem to deviate from the above general scaling. This observation
suggests that these points are at the crossover from cascading regime
to cataracting regime. These deviations occur when ℎ𝑎∕ℎ𝑏 approaches
0.5 and 𝜃𝑚𝑎𝑥∕𝜃𝑚 reaches 1.7, corresponding therefore to the thickest
flow layers and highest slopes. It is noteworthy that previous studies
of the rolling regime have indicated that the transition from rolling to
cascading regime occurs at ℎ𝑎∕ℎ𝑏 ≃ 0.3, which corresponds to 𝛤 ≃ 2
as seen in Fig. 12 [4,46]. Hence, according to our data for octahedral
particles, the cascading regime is limited to the range of values of 𝛤
from 2 to 5 independently of the specific values of 𝜔, 𝐷, 𝑑, and ℎ0.

The above scaling suggests that all flow variables are connected
together through their dependence on 𝛤 . For example, the ratio 𝜃𝑚𝑎𝑥∕𝜃𝑚
as a kinematic property of drum flow is correlated with the active layer
thickness ratio ℎ𝑎∕ℎ𝑏, which is a dynamic property of the flow. Our
scaling predicts the following relation:

ℎ𝑎
ℎ𝑏

≃ 0.47
𝜃𝑚𝑎𝑥
𝜃𝑚

− 0.31. (8)

This relation is in excellent agreement with our data as shown in
Fig. 13.
7

Fig. 13. The ratio 𝜃𝑚𝑎𝑥∕𝜃𝑚 versus the ratio of active layer thickness to total thickness
ℎ𝑎∕ℎ𝑏 for all our data points. The dashed line shows the prediction of the scaling
relation in Eq. (8).

Fig. 14. Average inertia number in the center of the active layer 𝐼 as a function of
scaling parameter 𝛤 defined by Eq. (4) with 𝛼 = 1∕2, 𝛽 = 1∕2, 𝛾 = 1∕4 for all simulation
data.

Another important flow variable is the average inertia number 𝐼 in
the active layer. It is defined as follows:

𝐼 = ⟨𝛾̇𝑎⟩𝑑(𝜌𝑠∕𝑝)1∕2, (9)

where ⟨𝛾̇𝑎⟩ is average shear rate in the center of the active layer, 𝜌𝑠 is
particle density, and 𝑝 ≃ 0.5⟨𝛷𝑎⟩𝜌𝑠𝑔ℎ𝑎 is the average pressure in the
center of the active layer. Fig. 14 shows that 𝐼 is scaled quite well by
𝛤 with the following linear relation:

𝐼 ≃ 0.45𝛤 + 0.2. (10)

We see that 𝐼 has generally high values and exceeds 2 at 𝛤 = 4.
Similar scaling parameters have been proposed by other authors. In

particular, Orozco et al. [1] found a different scaling parameter for their
data obtained from simulations of rotating drums filled with spheres
for periodic boundary conditions along drum axis to remove end wall
effects. We consider here part of their data as a function of our scaling
parameter 𝛤 in order to compare the flows of polyhedra and spheres in
the cascading regime. For comparison, we consider the data of Orozco
et al. either at a constant value of the filling degree 𝐽 = 0.45 or for
changing values of 𝐽 and 𝜔. Fig. 15 displays the evolution of slope ratio
𝜃𝑚𝑎𝑥∕𝜃𝑚 for both octahedral and spherical drum flows versus the scaling
parameter 𝛤 in these two cases. We see that the data of spherical
particles at 𝐽 = 0.45 coincide well with those of octahedral particles.
However, for variable 𝐽 and 𝜔 and a constant size ratio 𝐷∕𝑑, the slope
ratio for spheres increases with 𝛤 but they do not fall on the scaling
line of octahedral particles. We have no clear clue as to the origins
of this discrepancy, but we believe that a full comparison is necessary
to understand the differences for the two particles shapes with respect
to all system parameters and the scaling behavior. In particular, the
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Fig. 15. Slope ratio 𝜃𝑚𝑎𝑥∕𝜃𝑚 as a function of scaling parameter 𝛤 defined by Eq. (4)
with 𝛼 = 1∕2, 𝛽 = 1∕2, 𝛾 = 1∕4 for simulation data of octahedral particles (this work)
and spherical particles (data from Orozco et al. [1]) in which the filling degree 𝐽 is
kept constant or varies with other parameters kept constant.

effect of the filling degree seems to be less well accounted for in the
simulations of spheres. It is also important to remark that the ranges of
values of 𝛤 for which the flow is in the cascading regime is different
for octahedral and spherical particle flows.

5. Particle coarsening approach

The scaling parameter 𝛤 = Fr1∕2(𝐷∕𝑑)1∕2𝐽 1∕4 extracted from our
simulation data involves a dependence of cascading flow properties
on particle size as 𝑑−1∕2. Here, we would like to show that this size
dependence is consistent with the particle coarsening approach. In this
approach, particle size is artificially scaled up by a factor 𝜉, i.e. 𝑑 →

𝑑′ = 𝜉𝑑, while keeping the size of the system, i.e. 𝐷 → 𝐷′ = 𝜉0𝐷, so
that the total number of particles is reduced by a factor 𝜉3 (𝑁𝑝 → 𝑁 ′

𝑝 =
𝜉−3𝑁𝑝) [47–49]. The scaling of the dimensional quantities of the system
depends on the variables that are assumed to be invariant functions of
𝜉. In general, we require that both macroscopic variables and system-
scale quantities (boundary conditions and loading) are invariant by
scale change. The physical rationale behind this assumption is that
coarse-grained variables must be independent of particle size, which
is a microscopic length of the system.

In application to rotating drum, we assume that drum size 𝐷,
particle density 𝜌𝑠, and filling degree 𝐽 are invariant. This implies that
the total mass of the flowing particles is invariant. In the same way,
the rotation speed 𝜔, gravity 𝑔, and velocity field {𝑣𝑖} are invariants
of 𝜉. Consistently, it is easily seen that the total kinetic energy 𝐸𝑡𝑜𝑡 =
𝑁𝑝(⟨𝑚𝑣2∕2⟩+⟨𝐼𝑜𝜔2

𝑜∕2⟩), where 𝐼𝑜 is the moment of inertia of the particle
around its rotation axis and 𝜔𝑜 is angular speed around the axis, is also
invariant since 𝑁𝑝 → 𝑁 ′

𝑝 = 𝜉−3𝑁𝑝, 𝑚 → 𝑚′ = 𝜉3𝑚, 𝑣 → 𝑣′ = 𝜉0𝑣,
𝐼𝑜 → 𝐼 ′𝑜 = 𝜉5𝐼𝑜, and 𝜔𝑜 → 𝜔′

𝑜 = 𝜉−1𝜔𝑜. In our simulations, we have
5 values of 𝑑 which can be considered as upscaled diameters of the
smallest particle size 𝑑0 = 0.682 mm by coarsening factors 𝜉 = 𝑑∕𝑑0,
which vary from 1 to 1.6. Fig. 16 shows the total kinetic energy 𝐸𝑡𝑜𝑡
and relative velocity 𝑣𝑟 for three different values of rotation speed as a
function of 𝜉 while all other parameters keep their values in set B. We
see that both 𝐸𝑡𝑜𝑡 and 𝑣𝑟 are invariant as a function of the coarsening
factor 𝜉.

Regarding dynamic variables, since gravity 𝑔 is invariant, momen-
tum balance implies that particle weights and contact forces scale with
𝜉3 while stresses vary as 𝜉. As a consequence, the inertial number in the
active layer 𝐼 = 𝛾̇𝑎𝑑

√

𝜌𝑠∕𝑝 varies as 𝐼 ′ = 𝜉−1∕2𝐼 . This is fully consistent
with the linear dependence of 𝐼 on 𝛤 in Eq. (10). Hence, the exponent
𝛽 ≃ 1∕2 in Eq. (4) is a natural consequence of coarse graining. Fig. 17
displays ⟨ ̇𝛾𝑎⟩𝑑 and 𝜉1∕2(𝐼 − 0.2) as a function of 𝜉 for the data set B for
three different values of 𝜔. We see that both variables are independent
of 𝜉. The offset 0.2 in 𝐼−0.2 has been added here to restrict the analysis
to the cascading regime, in which the lowest value of 𝐼 is 0.2. Note also
8

Fig. 16. Total kinetic energy of particles 𝐸𝑡𝑜𝑡 and relative velocity of particles near
drum wall 𝑣𝑟 as a function of coarsening factor 𝜉. The error bars represent the standard
deviation.

Fig. 17. The evolution of relative velocity ⟨ ̇𝛾𝑎⟩𝑑 and inertial number 𝐼 inside active
layer as a function of coarsening factor 𝜉. Error bars represent standard deviation.

that the invariance of ⟨ ̇𝛾𝑎⟩𝑑 simply reflects that of the velocity field. It
implies that ⟨ ̇𝛾𝑎⟩ varies as 𝜉−1 and thus also all times scale as 𝜉. This
property of particle coarsening is well known in granular gases and
leads to a decrease of collision rate and dissipation when particles are
coarsened [50].
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Fig. 18. Snapshot of particles and their velocities in rotating drum for different particle coarsening factors 𝜉 for constant filling degree 𝐽 = 0.4, drum diameter 𝐷 = 40 mm, and
rotation speed 𝜔 = 15 rad/s. Color bar indicates particle velocities. The values of slope ratios are averages in steady flow.
The dependence of inertial number on particle size leads to the
variation of the free surface shape. Fig. 18 shows snapshots of the
particles in the drums at steady state with the same rotation speed 𝜔,
but different coarsening factors 𝜉. We see that the free surface becomes
less curved as 𝜉 increases. This is in agreement with the scaling law of
Eq. (7). The proposed scaling law also implies that changing particle
size can lead to a change of flow regime. Hence, the range of values
of parameters for which the system is in the cascading regime varies
with particle size. This issue and particle size dependence of thickness
ratio ℎ𝑎∕ℎ𝑏 and slope ratio 𝜃𝑚𝑎𝑥∕𝜃𝑚 can be mitigated by applying a scale
factor 𝜉1∕2 to rotation speed 𝜔 which leads to the multiplication of shear
rates by a factor 𝜉1∕2, making them independent of coarsening factor.
This solution can be applied to the simulations of industrial-scale drums
with a reduced number of coarser grains for the sake of computational
efficiency.

It is also worth noting that the assumption of the invariance of
velocity field may seem to contradict the evolution of flow geometry
as observed in Fig. 4. Indeed, the particle velocities cannot be strictly
compared between the two configurations. The issue is that the surface
shape is a free parameter in drum flow. We showed that the relative
velocity 𝑣𝑟 near drum wall and the total kinetic energy are indeed
invariants of particle coarsening (see Fig. 16). This suggest that we
may adopt this weaker form of invariance when the geometrical con-
figuration varies with particle coarsening. In other words, the particle
9

coarsening analysis can be applied to the mean flow variables rather
than full field variables.

6. Conclusions

In this paper, we used particle dynamics simulations to analyze
granular flows composed of octahedral particles in 3D rotating drums
for a range of control parameters for which the flow remains in the
cascading regime, characterized by dense flows of particles with a
curved free surface. A major effect of angular particle shape is the
absence of particle slippage at the drum wall, which is commonly
observed in drum flows of spherical particles. For this reason, the
steady state is characterized by a full balance between flow rates in the
passive upward flow and active downward flow layers independently of
the values of system parameters such as drum size and rotation speed.

A detailed parametric study was carried out by varying indepen-
dently drum diameter 𝐷, particle diameter 𝑑, rotation speed 𝜔, and
filling degree 𝐽 . We showed that the free surface curvature, inertial
active flow thickness, and shear velocity are unique linear functions
of a scaling parameter 𝛤 = Fr1∕2(𝐷∕𝑑)1∕2𝐽 1∕4, which combines the
Froude number Fr = 𝐷𝜔2∕2𝑔, size ratio 𝐷∕𝑑, and filling degree 𝐽 . We
argued that this scaling is fully consistent with a particle-coarsening
analysis in which the flow scale variables are assumed to be constant
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and independent of particle size 𝑑. We also briefly compared our data
with those obtained for flows of spherical particles in a drum.

Further work is necessary to extend the proposed scaling to other
particle shapes and to perform a full comparison with drum flows of
spherical particles. We are also interested in the effect of both fric-
tion coefficient between particles and particle shape angularity on the
scaling and crossover from rolling to cascading and from cascading to
cataracting regimes. Another important direction of research concerns
the effects of size polydispersity and particle breakage on the scaling
behavior. While we expect that the general scaling proposed in this
paper will not be affected, the numerical parameters involved in the
expressions of flow variables as a function of the scaling parameter may
well depend on size polydispersity or evolve with particle breakage.
Actually, this scaling provides also a general framework for quantifying
such effects.

Last but not least, the findings discussed in this paper suggest
new experiments. The flow variables such as slope ratio and thickness
ratio are easy to measure using particle tracking. The simple relations
between these variables suggested by our simulations, such as the
relations (8) and (10), can therefore be checked by experiments using
model particles of octahedral shape. By performing experiments with
different particle sizes, it is also possible to investigate the effect of par-
ticle size through the scaling parameter 𝛤 for different flow variables.
For example, relation (8) predicts that the surface curvature increases
with increasing ratio 𝐷∕𝑑. Experiments can be used to validate this
rend and to determine whether it holds for large values of 𝐷∕𝑑
nd evaluate its limits. We believe that the scaling proposed in this
aper holds also for other particle shapes such as elongated particles.
owever, due to the effect of particle shape on the angle of repose,

he numerical values of parameters involved in the relations derived in
his paper may change with particle shape. The effect of particle shape
an be investigated in parallel by both simulations and experiments.
e currently develop new experiments in the geometry of rotating

rum with the goal of performing a detailed comparison between
xperiments and the findings of this paper. The uncertainties associated
ith possible code-level errors or numerical model parameters can also
e evaluated within this project.
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