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Abstract
In order to provide a comprehensive comparison between two current numerical methods employed in the modelling of
rock avalanches, the discrete element method (DEM) and the material point method (MPM) were used to simulate the mass
propagation along a 45◦ plane transitioning to a horizontal plane. For the DEM simulations, an in-house 3D code whose
particles can be modelled as tetrahedral elements was used. Additionally, the flow was canalised using frictionless walls.
For the MPM simulations, a 2D code was also developed and employed to run plane strain simulations. Comparisons were
made in terms of runout distance, spreading and energy dissipated. Influence of parameters such as initial sample geometry,
basal friction coefficient and shape of blocks composing the sample was studied. We found that there are proper correlations
between the two methods when the basal friction coefficient has a low value, or when the rolling of the blocks is hindered by
using elongated shapes for the blocks. These correlations become less satisfactory as the basal friction coefficient is increased,
due to the oversimplified constitutive law employed in MPM.

Keywords Discrete element method · Material point method · Continuum · Transitional flow

1 Introduction

In this paper, numerical studies involving DEM and MPM
were carried out in order to test the ability and the relevance
of two kinds of numerical methods (discrete [8,21,27–29,31]
and continuous [14,17,22] methods) to reproduce the kine-
matics of granular avalanches (propagation distances and
amounts of dissipated energies). In the field of rock mechan-
ics, the continuum approaches [3,11,20,24,32] are generally
considered when large volumes (i.e., large number of blocks)
are involved. For this study, the MPMwas chosen over other
continuum-based methods because of its hybrid Lagrangian
and Eulerian descriptions, which gives it the ability to man-
age naturally large deformations. This makes it an ideal
method for the modelling of granular avalanches involving
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large masses. However, the continuity assumption may also
limit the domain of validity of continuum approaches, specif-
ically when dealing with rock flows involving a relatively
small amount of blocks. Additionally, the computational
times required by theMPM simulations are significantly low,
but the dissipationmeans, andmore generally the rheologies,
have to be given explicitly by macroscopic constitutive laws
with, unavoidably, the continuity of the medium in mind.

On the other hand, theDEMrequires an accurate definition
of block shapes, suitable roughness of the terrain, together
with quite long computational durations. As a consequence,
DEM turns out to bemore appropriate for “small- ormedium-
sized volumes” (i.e., few hundred blocks) or more generally
when the blocks are prone to separating from each other [4].

Moreover, the complex rheologies inherent in granular
materials are naturally well captured by the DEM—provided
that a minimum set of features are taken into account. In
our case, these features are the block shapes and adequate
dissipative contact models. The price to pay is, however, long
computational times.

The aim of this paper is to compare the two types of meth-
ods on the basis of numerical simulations that consist on
the release, first, of randomly packed bricks on an inclined
biplane, and second, of a continuum mass governed by an
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elasto-plastic law for the MPM. These numerical simula-
tions were inspired by small-scale laboratory experimental
tests [15,16] that were themselves aimed to validate the dis-
crete element model.

A total of 27 configurations were set up using both numer-
ical methods in order to appreciate the relevance of each
approach and to study the influence of some specific param-
eters related to the releasedmass, geometry, the basal friction
or the shape of the blocks composing the sample (the latter
affecting DEM only).

2 Discrete element model

One commonly used method that uses a discontinuous
approach is the discrete element method (DEM). It was ini-
tially developed by Cundall [9] and Cundall and Strack [10]
for the modelling of problems in rock mechanics. In this
method, each particle is modelled as a single element, where
the motions, translation and rotation, are independent. The
particle interaction, with other elements or boundary condi-
tions, is governed by contact laws (normal and tangential).
These interactions between particles can bemodelled in com-
plexways to allow elastic, plastic, purely frictional or viscous
[8] (among others) contact between the particles. Addition-
ally, the shape and size of the particles can vary depending on
the type of problem to be modelled. The DEM is thus a very
relevant method for applications where the apparent rheol-
ogy originates at the grain scale. During a time step, motion
equations are solved for each particle, taking into account
the forces due to contact or collision with other particles, to
gravity and to external forces. This is fairly classic, but the
key features of the developed code include (1) the shape of
the blocks modelled by spheropolyhedra and (2) the scope
for dissipation introduced in the collision laws by accounting
for the normal, tangential and rotational directions.

From a mathematical point of view, spheropolyhedra are
the sum of polyhedra and spheres, but they are processed
numerically as rigid aggregates (clumps) of thick polygons
for faces, tube for edges and spheres for vertices; this is
deeply covered in [23]. Unlike the spheres, the number of
contact points between two spheropolyhedra can easily reach
high scores—especially for concave shapes. This contributes
to a significantly richer overall response of block assemblies
when they flow. The contact-or-collision laws can thus be
quite simple provided that representative mechanisms of dis-
sipation are accounted for. As usual in DEM, force laws are
defined from local variables that are, in the present case, the
increment of overlapΔhn andof relative displacementΔht in
the tangential direction, both quantified over a time step [18].

The type of force law used in our application follows the
procedure proposed by Banton et al. [1], which is promptly
outlined below. In the normal direction, when the overlap is

Fig. 1 A sketch of the contact-or-collision force law in the normal
direction

Fig. 2 A sketch of the tangential elasto-plastic force law

increasing (compression loading), the increment of normal
force is

Δ fn = kloadn Δhn (1)

where kloadn is the loading stiffness coefficient.When theover-
lap is decreasing (unloading), the normal force is obtained
using

fn = kunloadn hn (2)

where kunloadn is the unloading stiffness coefficient and hn is
the overlap. This law is sketched in Fig. 1, where force jumps
can be noticed at unloads. Such a jump sounds physically
inconsistent; however, it is not an issue in our application
context. The clear advantage of this law is the control that
can be achieved over the amount of restituted energy in the
normal direction, which corresponds to the surface area of
a loop in the fn–hn space. It is possible, for a touch-and-go
collision, to express the energy restituted e2n from the loading
and unloading stiffnesses:

e2n = kunloadn

kloadn
(3)

where en is just the velocity-restitution coefficient sometimes
used in trajectory analysis simulations.

For the tangential direction, an elastic incremental lawwas
also employed, but with a plastic limit given by the Coulomb
friction law | ft | <= μ fn , where μ is the friction coeffi-
cient. This law is pictured in Fig. 2. The equations governing
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the magnitude of the tangential force can be summarised as
follows:

ft = min

{
t∑
t0

ktΔht ; μ fn

}
(4)

where kt is the tangential stiffness, t is the current time and
t0 is the time at which the contact initiated. The direction of
each increment of the tangential force is set opposite to the
sliding direction.

As already stated, the discrete element model employed
in this paper uses realistic geometric shapes, by means of
spheropolyhedra. This is actually a major concern in rheol-
ogy that can be set in laboratory experiments. The relevance
of the contact model and of the process needed to deter-
mine the parameters was estimated using laboratory tests
and established by studying the simple rebounds of a small
parallelepiped block on a rigid elastic support. This method-
ology was presented by Richefeu et al. [23], who tuned the
dissipative parameters to adjust the energy balance during
experimental collisions. Thanks to this process to deter-
mine the mechanical parameters, and taking into account
complex shapes, the model was confronted to laboratory
experiment made byManzella and Labiouze [15], consisting
of a small-scale rock avalanche starting from the release until
the granular mass stops. In these experiments, the granular
mass made of small clay bricks was placed inside a container
on a steep slope (45◦). At a given time, the lower wall of
the container was removed to initiate the flow, and the mass
subsequently stopped on a horizontal surface. After calibrat-
ing the parameters, this approach has successfully simulated
the collective behaviour of the small brick mass (especially
concerning the shape of the deposit and the type of flow)with-
out retrospective analysis. Given the satisfactory correlation
between the numerical model and the experiment, we chose
this application to support this paper. Additionally to this
validation process, sensitivity analyses with different block
shapes and/or slope geometries have been done by Mollon
et al. [19]. The resulting analysis is referred to later in this
document to support the results of our study.

3 Material point method

The material point method (MPM) is a numerical method
for the solution of problems in continuum mechanics that
evolved from the particle-in-cell method [5,6,12,25]. The
method solves the variational form of the conservation
of momentum by discretising the continuum into material
points and using a background Eulerian grid. The conserva-
tion of mass during the simulations is satisfied since the mass
remains unchanged. A background grid is used to project the
information carried by thematerial points and solve the equa-

tions of motion. This solutions found in the mesh are used
to update the information contained in the material points.
This interpolation/extrapolation between the mesh and the
material points is done using shape functions. The MPM
code that we used for this study is an enhanced MPM imple-
mentation that includes features such as the splitting of the
material points once the deformation of individual volumes
becomes too large, the use of DEM-like boundary conditions
based on overlapping between the material point volume and
the boundary and the use of higher-order shape functions to
reduce errors related to cell-crossing instabilities.

3.1 Conservation equations

In the material point method, since we are modelling a con-
tinuous material undergoing deformations under prescribed
forces and initial conditions,wemust satisfy the conservation
of mass and the conservation of momentum. The conserva-
tion of mass is achieved implicitly since a single mass value
is given to each of the material points at the beginning of a
simulation, and it remains unchanged.

We now consider a body Ω , in which the conservation of
mass is governed by:

∂ρ(x, t)

∂t
+ ∇ ·

(
ρ(x, t) v(x, t)

)
= 0 (5)

where ρ represents the material density and v refers to the
velocity at position x and time t . ∇ is the gradient operator.
We also have in terms of infinitesimal strain theory that the
conservation of linear momentum is given by:

ρa(x, t) = ∇ · σ (x, t) + ρb(x, t) (6)

in which σ is the Cauchy stress tensor, b are the body forces
and a is the acceleration. Given that the Cauchy stress tensor
is symmetric, the conservation of the angular momentum is
guaranteed. The equation of conservation of linear momen-
tum can be written in a weak form as follows:

∫
Ω

ρa · ṽ dΩ = −
∫

Ω

σ : ∇ṽ dΩ

+
∫

Ω

ρb · ṽ dΩ +
∫

∂Ω

τ · ṽ d∂Ω (7)

in which ṽ is a test function, and τ are the boundary forces.
We emphasise here that the previous relations apply only

for infinitesimal transformations. For large deformations, the
infinitesimal strains are cumulated, but no finite strain theory
is actually employed.
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3.2 Discretisation of theMPM

Using the weak form of the conservation equations, we can
now proceed to obtain the discretised equations that consti-
tute the material point method [26]. In this part, we will use
the subscript p to refer to the material points, while the sub-
script i will be used to refer to the background grid nodes.
The density, stress and acceleration fields are discretised into
material points by using appropriate shape functions Nip, as
shown below:

ρi (x) =
∑
p

m pNip(x)

Vp
(8)

σ i (x) =
∑
p

σ pNip(x) (9)

ρi (x)ai (x) =
∑
p

q̇ pNip(x)

Vp
(10)

in which mp and Vp are the mass and the volume associated
with the material point p, respectively, and q̇ p is its rate of
momentum. The shape functions Nip are required to be a
fraction of unity.

By substituting all the previous equations into the vari-
ational form of the conservation of momentum, and using
N as the test function, the discrete governing equations are
found:

f exti − f inti = q̇i (11)

in which the external forces, comprising those related to the
surface and the volume, are:

f exti =
∫

∂Ω

τNipdΩ +
∑
p

m pbNip (12)

The DEM-like forces due to boundary conditions are
included in the first term. The same force laws as described
in Sect. 2 are used to compute τ , which includes the nor-
mal and tangential contact forces at the level of the material
points. This is performed by using an incremental pro-
cedure that updates the contact forces (see Sect. 2) by
considering increments of normal and tangential relative dis-
placements between a disc of diameter

√
Vp surrounding

the material points and the boundary condition. Our choice
of contact law implies that the soil response is limited to a
restitution-monitored elasticity alongwith Coulomb friction,
but no plasticity is taken into consideration for the normal
direction—which is reasonable for the laboratory experi-
ments that we are dealing with in this paper. These boundary
conditions can be used to create individual obstacles (fixed or
free to move) which can be treated as DEM elements, and the
classical boundary conditions ofMPM(i.e., velocities reset at

some nodes) can thus be replaced by these obstacle elements.
This coupling between MPM and DEM was implemented
by setting some mass properties to the obstacles, and then
by integrating their motion. The explicit integration scheme
of the DEM (velocity Verlet algorithm) is thus embedded
within the explicit integration scheme of the MPM (mod-
ified Lagrangian algorithm) by sharing the same time, but
not necessarily the same time increments. As a result, some
rigid elements can move through space as they interact with
material points and other discrete elements.

Back to Eq. (11), the internal forces are:

f inti =
∑
p

Vpσ p · ∇Nip (13)

and the rate of momentum is:

q̇i =
∑
p

q̇ pNip. (14)

3.3 Scheme of the explicit solutions

Our code is an explicit implementation of theMPM that uses
the modified Lagrangian algorithm, explained in Fig. 3. In
short, we start with a clean background grid to which we
interpolate the mass and the velocities of the material points
at the current time. Consequently, forces are calculated on

Fig. 3 Modified Lagrangian Algorithm
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Fig. 4 Structured background grid. Reference node and its associated
nodes

the grid nodes (internal, external and obstacle forces), with
which a rate of momentum is found. This rate of momentum
allows us to update the material point velocities. We now
update the momentum on the grid nodes using the new MP
velocities. At this point, the nodal momentum is updated and
the strains are computed using the nodal velocities, which are
subsequently used to calculate stresses using an appropriate
constitutive law. At last, the MP positions as well as their
volume and density are updated, thus concluding a single
step.

3.4 Background grid

The background grid in the material point method is repre-
sented in the Eulerian description, unlike the material points
which are in the Lagrangian description. This means that the
continuum moves and deforms freely without deforming the
background grid. This is one of the main differences with the
Lagrangian finite element method, in which both the grid and
the continuum are represented in the Lagrangian description,
which in cases of large deformations can cause severe mesh
distortion, thus producing errors when interpolating between
the grid and the Gaussian points unless remeshing is used.

The background grid in theMPM is composed of nodes as
shown in Fig. 4. It is used as a computational scratchpad only,
since at the end of every computational cycle all the infor-
mation carried by the nodes is set to zero. This means that
at the beginning of each cycle, the information used by the
nodes will always be provided by the material points. Infor-
mation like forces and velocities, among others, is transferred
between the grid nodes and the material points by means of
shape functions. Higher-order shape functions are preferred
in order to reduce cell-crossing instabilities.

In the MPM, it is very common to use a structured grid. It
provides great ease when finding the nodes associated with a
material point at a certain time. In 2D, a reference node can
be easily found using the following equation:

n�
p = trunc

(
xp − xmin

Δx

)
+ trunc

(
yp − ymin

Δy

)
Nx (15)

Fig. 5 Continuum discretisation

which will have the appropriate nodes associated with it in
order to transfer information from the material points to the
appropriate nodes (Fig. 4). xmin and ymin refer to the min-
imum grid nodes coordinates, xp and yp are the position
coordinates of the material point, Nx is the number of nodes
in the x direction and Δx and Δy are the regular spacing of
nodes in the x and y directions, respectively. It is important
to say that the nodes associated with each reference node are
found at the beginning of a simulation and remain the same
throughout the simulation.

3.5 Continuum discretisation and shape functions

The discretisation of a continuum body is a step that is made
at the beginning of the simulation (Fig. 5). The domain
is divided into different material points with their masses
lumped at single positions. The continuity of the domain
is achieved with the Eulerian grid, in which the momen-
tum equations are solved. As said before, the material points
(Lagrangian description) carry all the information, while the
values in the Eulerian grid nodes are set to zero at the end of
every time step.

Shape functions allow us to interpolate information
between the material points and the nodes, and vice versa.
They provide us with a proper weight relative to each of
the nodes surrounding the material point, so that information
can be distributed evenly depending on the distance of each
node from the material point position. It is required for the
shape functions to be a partition of unity. During the initial
stages of development of our MPM code, piecewise-linear
basis functions were utilised. These types of shape functions
are commonly used given that they are easy to implement.
However, simulations tend to become unstable when very
large deformations take place. It has been shown, in Bar-
denhagen and Kober [2], that low-order shape function (e.g.,
C0) is the main cause of grid cell-crossing instabilities. As
described by Bardenhagen, unexpected computational arte-
facts appear, especially when computing the internal forces.
We deemed it necessary to include higher-order shape func-
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Fig. 6 Transformation of a box by applying the deformation gradient
tensor F

tions (cubic B-splines) in our code in order to reduce errors
related to this type of instability. The trade-off is, however,
an increase in computational time since more grid nodes are
involved for every material point.

3.6 Volume surrounding eachmaterial point

3.6.1 Deformation

One of the numerical aspects to be taken into account when
using the material point method is the fact that the volume
occupied by a material point is going to deform beyond
acceptable values. It means that the set of material points
needs to remain as consistent as possible when large defor-
mations take place. This can be achieved by adding some
new material points where spaces are being created within
thematerial (splitting), and by removing somepoints in zones
where they are too numerous (merging).

In theMPM, the volume associatedwith amaterial point is
initially defined as a square, with the position of the material
point acting as its centre and having a side length � = √

V .
This square depicts the volume that the material point rep-
resents. At the beginning, as illustrated in Fig. 6, it can be
defined with two vectors a0 and b0 such that

a0 =
(

�

0

)
and b0 =

(
0
�

)
(16)

When the material flows, the constituting material points
deform, and their deformation can be expressed by means
of the deformation gradient tensor F which is an operator
that transforms the initial box into the current one. This is
illustrated in Fig. 6. Formally, the vector a0 will be trans-
formed into a vector a, and the vector b0 will be transformed
into a vector b:

a = F · a0 and b = F · b0 (17)

where F is expressed as

F =
[
Fxx Fxy
Fyx Fyy

]
(18)

a0

b0

s = 2
a = 2a0

b = 1.1b0

a = a0

b = b0/2

reset new

reset new

split

split

Fig. 7 Scheme of the splitting principle for s = 2 illustrated with no
tilt of the box and for the direction of a; (top row) case of splitting due
to |a|/|a0| = s, (bottom row) case of splitting due to |a|/|b| = s

As the material starts to deform, the deformation gradient
tensor is updated at each time step using the following rela-
tion:

Fk+1 = ΔFk+1 · Fk (19)

with

ΔFk+1 = I + Δt
∑
N

vn
k · ∇Np (20)

where N represents the nodes that are associated with the
material point in its current position, and I is the identity
tensor.

3.6.2 Splitting

The splitting algorithm consists in cutting a parallelogram
spanned by a×b along either a or b into two identical smaller
parallelograms. The two resulting material points have half
the mass and volume of the original MP. From the numeri-
cal point of view, the first sub-parallelogram is the original
one for which F has been reset, as shown in Fig. 7. The
second sub-parallelogram is a new one, but it inherits all the
properties—except the mass and the volume—held by the
previous material point; in particular, it shares the initial box
a0 × b0 with the original parallelogram.

Let’s now see how the criteria for splitting are expressed.
The splitting along a is performed (1) if a is longer than a0
by a factor s (|a|/|a0| ≥ s), or (2) if a is longer than b by
the same factor s (|a|/|b| ≥ s). By using Eq. 17, it is easy to
base the splitting criteria along a on the components of the
deformation gradient tensor F:

(Fxx )
2 + (Fyx )

2 ≥ s or
(Fxx )2 + (Fyx )

2

(Fxy)2 + (Fyy)2
≥ s (21)

For splitting along the direction of b, the equivalent criteria
are (1) |b|/|b0| ≥ s and (2) |b|/|a| ≥ s, which correspond
to the following criteria in terms of F:
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Fig. 8 Slump test without splitting (left) and by using the splitting strategy (right)

(Fxy)
2 + (Fyy)

2 ≥ s or
(Fxy)2 + (Fyy)

2

(Fxx )2 + (Fyx )2
≥ s (22)

This method has proved to be convenient when dealing
with large box deformations in the directions of a and b.
However, deformations due to shear are not dealt with and
should be a subject of study if this is of interest. To demon-
strate the benefit of the splitting strategy, Fig. 8 shows two
snapshots of simulations of a concrete column flow (slump
test) in which an elasto-plastic constitutive model is used.
The initial shape of the column was rectangular. In Fig. 8,
the image on the left is a regular simulation, while the one
on the right has been obtained using the splitting technique.
When looking at the two zoomed regions, it is clear how
consistency of the volume is better preserved, which results
in a simulation in which overlaps of individual volumes are
significantly restricted.

3.7 Mohr-Coulomb constitutive relation

Given the continuum nature of the MPM, constitutive rela-
tions are used to represent the behaviour of the material.
The method uses the velocities in the nodes to compute
the rate of deformation of a material point, which is neces-
sary for the constitutive relation to determine the equivalent
stresses. In the field of geomechanics, materials aremodelled
as history-dependent media, as is the case when using elasto-
plastic constitutive relations. For the purposes of this paper,
an elasto-plastic constitutive law (Mohr-Coulomb) was used
for the sake of simplicity and to evaluate its relevance regard-
ing its application to granular flows.

3.7.1 Yield criterion

The Mohr-Coulomb criterion (Fig. 9) implemented in our
code is commonly used to describe the behaviour of geoma-
terials. This criterion takes into account the fact that the yield

Fig. 9 Mohr-Coulomb yield criterion plotted in the principal stress
frame [7]. For a given pressure p, the stress state expresses as a non-
spherical stress s in the deviatoric plane. In this plane, the yield surface
is shaped into a hexagon with six singularities where the normal to
the surface in not uniquely defined. Another singularity appears for
p = s = 0

stress depends on the hydrostatic component of the stress ten-
sor. A return algorithm is used to fulfil the yield condition,
and in this case, since the Mohr-Coulomb criterion is linear,
only one step is necessary to return to the surface (if the plas-
tic potential is also linear). Given that the Mohr-Coulomb
criterion has certain regions such as intersections between
planes which are discontinuous, care was taken in order to
return to the appropriate region on the yield surface.

In general, the Mohr-Coulomb criterion predicts that fail-
ure of the material takes place if the shear stress reaches a
critical value, or mathematically [30]:

τ = c + |σ | tan φ (23)

The shear stress τ depends on the normal stress σ , the friction
angle φ and the cohesion c.
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Yields functions can be formulated in terms of principal
stresses as:

f (σ ) = (σ1 − σ3) + (σ1 + σ3) sin φ − 2c cosφ = 0 (24)

with the plastic potential being:

g(σ ) = (σ1 − σ3) + (σ1 + σ3) sinψ (25)

where ψ refers to the dilatancy angle.

3.7.2 Return algorithm

In computational plasticity, the procedure undertaken con-
sists in applying small load increments (in order to approach
the yield surface cautiously) and therefore obtaining respec-
tive strain increments. Initially, the stress states will be elastic
( f < 0), yielding elastic strain increments dε = dεe. If the
material continues to be loaded, a point will be reached in
which the stress state will lie outside of the yield surface
( f > 0). As it was mentioned before, this region is inad-
missible and a solution to make the stress state return to the
surface is required. To deal with this type of problem, a return
algorithm can be implemented, making the stress state lie on
the surface of the yield surface after the correction.

This algorithm begins by attempting elastic trial step
(σ e-trial). This means that we assume at each step to have
an elastic state of stress at first:

σ e-trial = σ k + D · dε (26)

where D represents the elastic tensor, and σ k is the current
state of stress.

At this point, we check whether the state of stress is inside
the yield surface by using the yield function f (σ e-trial). If the
elastic trial yields a value f < 0, the state of stress is indeed
elastic. Thus:

σ k+1 = σ e-trial (27)

and no plastic calculation is involved.
However, if the elastic trial yields a value f > 0, the state

of stress lies outside the yield surface, making it necessary to
return it to the yield surface using the return algorithm. For
this, it is necessary to find an appropriate stress increment
(Δσ ) so that the stress state is returned to the surface of the
yield surface (Fig. 10).

The basic equation for the return (i.e. for the stress incre-
ment) is found to be:

Δσ = D · Δε − ΔλD ·
(

∂g

∂σ

)
(28)

Fig. 10 Return algorithm

or in other terms:

Δσ = Δσ e − Δσ p (29)

The plastic corrector (Δσ p) is applied to the state of stress
outside the surface, returning it to the yield surface. The plas-
tic corrector represented by ΔλD · (∂g/∂σ ) is composed of
a known plastic potential function representing the direction,
and the plastic multiplier is defined as:

Δλ = f (σ e-trial)(
∂ f

∂σ

)T

· D ·
(

∂g

∂σ

) (30)

It must be noted that if associative plasticity is used, then a
closed solution to the problem can be reached. In the case of
non-associative plasticity, it is necessary to iterate using an
appropriate numerical method, such as Newton’s method, in
order to fulfil the yield condition.

4 Applications

In this section, we compare two methods, the discrete ele-
ment method and the material point method, in a series of
simulations involving the flow of small bricks placed on a
45◦ slope which then transitions to a horizontal plane, as
shown in Fig. 11. To provide some variability, we used dif-
ferent starting box sizes, basal friction coefficients, heights
of release and shape of blocks in DEM. Different aspect
ratios of the starting container (0.246 × 0.2 × 0.2 m3 and
0.43 × 0.2 × 0.1 m3) were tested for different heights of
release (h = 0.4 m, 0.8 m and 1.6 m) in order to vary the
initial potential energy and the flow characteristics (homoge-
neous or non-homogeneous initial flow due to gravity effect
and shape of the container). It must be noted that as the
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Fig. 11 Simulation setup. The
sizes of the two container boxes
are shown together with the
width of the channel, the slope
angle, the varying initial height
h of the container, the runout
distance XCM (equivalently
related to the propagation angle
ϕCM). The curved transition
radius is 0.3 m

container shape varied, also did the centre of gravity. These
numerical studies were done to reproduce the kinematics of
granular avalanches and highlight the advantages and disad-
vantages of each type of numerical method. For this, various
setups were introduced in the study, as is explained in the
following section.

4.1 Geometry andmechanical parameters

Randomly packed blocks (cubes of 0.01 × 0.01 × 0.01 m3

or parallelepiped bricks of 0.02 × 0.01 × 0.005 m3) were
used for the DEM simulations, while a continuummass gov-
erned by an elasto-plastic law was considered for the MPM
simulations. The starting container box was positioned on a
45◦ slope, ending at its toe with a smooth transition (radius
0.3 m) towards a horizontal plane where the mass stops after
its propagation on the slope. The flow is initiated once the
lower wall of the container is removed. DEM simulations
are three-dimensional; the flow is thus canalised so that the
comparison with the two-dimensional MPM simulations can
be made. The canal width was set to 0.2 m to make the flow
truly three-dimensional while limiting the number of ele-
ments. This width was chosen so that the ratio between the
width and the size of a DEM particle was at least 10. For the
comparison of the three-dimensional DEM simulations and
the two-dimensional MPM simulations, an equivalent volu-
metric mass density was calculated for theMPM simulations
in such a way that the total mass is the same as the DEM sim-
ulation ones, which depends onwhether cubes or bricks were
packed, as shown in Table 4.

The MPM elasto-plastic material flows according to the
Mohr-Coulomb law forwhich properties are listed in Table 1.
The chosen parameters are those corresponding to a non-
cohesive coarse granular material with a dilatancy angle

Table 1 MPM internal elasto-plastic parameters

Young’s modulus E 800 kPa

Poisson’s ratio ν 0.42 –

Internal friction angle ϕ 28.6 ◦

Cohesion c ∼ 0 Pa

Dilatancy angle ψ 0 ◦

equal to zero. As a first approximation, the internal friction
angle ϕ = 28.6◦ was set to the residual macroscopic friction
angle obtained at large deformations when simulating a tri-
axial test using the DEM (with cubic elements). Since this
friction angle is obtained assuming static loading, we do not
expect to perfectly reproduce the macroscopic behaviour of
the DEMmaterial during flow (Fig. 12), but that will allow us
to make a reasonable comparison between the two models.

For the MPM simulations, a rather fine-structured back-
ground mesh was chosen, 15 mm × 15 mm, while the
material point size was 5 mm × 5 mm—which corresponds
to ninematerial points per mesh element at the beginning of a
simulation, before any splitting. Figure 13 shows thematerial
points together with the background grid, when the mass is
flowing over the curved section and starts to stop. The num-
ber of elements used in the DEM simulations was around
6000 (the number was varying depending on the container
and block shapes), while for the MPM simulations around
300 material points were used.

The contact parameters governing the contact-or-collision
law between the DEM elements are given in Table 2. These
parameters are those established after the calibration pro-
cess [23] needed to reproduce the experiment of Manzella
[15]. Note that, here and in the following, a parameter
superscripted with a star (�) relates to the bulk material.
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Fig. 12 Example of a 3D DEM simulation used in the study displaying block velocities (#F2, h = 0.8 m)

Fig. 13 An example of MPM simulation where the material points can
be viewed when they are passing the curved transition. The background
grid, which is fixed, is also shown

Table 2 DEM internal contact parameters (in between the blocks)

Normal stiffness k�
n 104 N/m

Stiffness ratio k�
n/k

�
t 2.5 –

Friction coefficient μ� 0.7 –

Energy restitution rate e�
n
2 0.2 –

As mentioned previously, for the comparison of 3D-DEM
with 2D-MPM propagations, the DEM mass flow had to be
canalised. This was achieved by means of two vertical fric-
tionless walls placed on both sides of the mass throughout
the simulations.

Table 3 Basal contact parameters for bothMPM and DEM simulations

Normal stiffness kn 106 (N/m)

Stiffness ratio kn/kt 2 –

Friction coefficient μ 0.3–0.7 –

Energy restitution rate e2n 0.2 –

The contact laws between the boundary conditions and
MPM/DEM elements are those described previously. The
related parameters can be found in Table 3. For the basal
friction coefficients, we used three values in order to test its
influence on the flow.We consideredφ = 16.7◦, 26.6◦or 35◦,
which correspond to the friction coefficientsμ = 0.3, 0.5 and
0.7. It must be noted that the first two friction coefficients at
the base (μ =0.3 and 0.5) have a value lower than the internal
friction coefficient tan(ϕ�) = tan(28.6◦) � 0.545 used for
the Mohr-Coulomb elasto-plastic law, while the value μ =
0.7 is greater.

In total, nine numerical simulations were performed for
each value of the basal friction coefficients while varying
other characteristics such as height of release, block shape
(only for DEM) and container shape. Different block shapes
in the DEM simulations provide different types of interac-
tions between them, which end up having an influence on
the type of flow produced, as well as the final outcome.
The different setups (#A, #B and #C) that were used for
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Table 4 Sum-up of the different configurations

The DEM andMPM simulations are labelled with a hash character (#) followed by a letter (codifying the block and container shapes), and a number
(codifying the height of release). Cases #A, #B and #C correspond to μ = 0.3; cases #D, #E and #F to μ = 0.5 and cases #G, #H and #I to μ = 0.7

the simulations using a basal friction coefficient μ = 0.3 are
summarised in Table 4. The geometric configurations for the
other two basal friction coefficients (μ = 0.5 and 0.7) are
the same, while the nomenclature is #D, #E and #F for the
configurations having a friction coefficient μ = 0.5, and #G,
#H and #I for those with a friction coefficient ofμ = 0.7. An
example of one of the 3D-DEM simulations can be seen in
Fig. 12 performed with a basal friction coefficient μ = 0.5.
We can observe the individual interactions of the blocks, and
how they flow freely down the slope after the initial release.
Once the final deposit starts to form, it is evident that some
individual blocks travel much further due to the discontin-
uous approach of this method. An interesting phenomenon
also occurs once the final deposit is formed, in which the
blocks at the bottom are, for the most part, aligned with the
horizontal surface and the vertical frictionless walls. Given
the shape of the blocks, they tend to have a rolling motion
as long as they are on the slope, but once they reach the
horizontal surface, the sliding mechanism is favoured.

4.2 Partition of the energy dissipated

In order to calculate the energy dissipated during the flow
evolution, we separated it into internal and external (nor-
mal and tangential) energy. For the simulations run using
the material point method, the cumulated workW�(t) of the
internal forces within the mass was calculated as

W�(t) =
∑
p

∫ t

0
Vp(τ )

(
σ (τ ) : ε̇(τ )

)
dτ (31)

where Vp, σ and ε̇ are, respectively, the volume, the total
stress and the total strain increment held by each material
point p. Note that the index p is not used here for σ and ε̇ to
avoid any confusion with plastic terms. The quantity W�(t)
is of interest because it nearly corresponds to the amount of
energy dissipated at each moment of the flow. The difference
being the energy stored in the contacts when they become
persistent (mass at rest), which is small compared to W� at

the end of the flow. In other words, the elastic strains are
negligible when compared to the plastic ones.

Concerning the energy dissipation between the blocks
(DEM) and at the boundaries (both DEM and MPM), the
overall cumulated work was split into three contributions:
(1) the cumulated work Wn of the normal forces (persistent
contacts and collisions) at the base of the flow, (2) the cumu-
lated work Wt of the tangential forces (friction) at the base
of the flow and (3) the workW� of all internal actions in the
flowing mass. For the DEM, the dissipation within the mass
was simply obtained as the sum of cumulated works of con-
tact forces between the blocks in the normal and tangential
directions:

W�(t) = W�
n(t) + W�

t (t) (32)

with

W�
n(t) =

∫ t

0
fn(τ )u̇n(τ )dτ (33)

and

W�
t (t) =

∫ t

0
ft (τ )u̇t (τ )dτ (34)

where u̇n and u̇t are, respectively, the normal and tangential
relative velocities between the blocks. One more time, we
assume that the reversible forces are negligible with respect
to the irreversible ones, which makes bothW�

n(t) andW�
t (t)

almost equal to the dissipated energy at any moment t .

4.3 Results of basal friction coefficient 0.3. cases #A,
#B and #C

First, we considered a basal friction coefficient μ = 0.3,
which corresponds to an angle φ = 16.7◦. This low friction
coefficient (when compared to the internal friction angle of
28.6◦) enables the material to slide down the slope without
generating high internal shear stress. This makes the internal
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Fig. 14 Kinematics for
simulations #A1 (h = 0.4 m)
and #C2 (h = 0.8 m) with DEM
and MPM

dissipation mechanisms take a rather small part in the total
dissipation as the material flows down the slope, as will be
seen shortly.

Figure 14 displays two kinematic sequences for config-
urations #A1 (μ = 0.3, released at 0.4 m, cubic blocks,
cubic container) and #C2 (μ = 0.3, released at 0.8 m,
cubic blocks, elongated container) simulated usingDEMand
MPM. Overall, through the flow evolution, both methods
seem to produce very close results. The deformation of the
mass, the length from front to rear and the timing remain
very similar. However, the curvature of the mass surface near
the slope transition differs slightly between MPM and DEM
simulations, and this is especially evident when using a cubic
container. Moreover, the scattering of the blocks in the front
of the deposit is completely missed by the MPM (a natural
consequence of the continuity assumption). Apart from that,
the main mismatch seems to appear at the very end, when the
final heap is forming.

From a more quantitative point of view, Fig. 15 compares
the centres of mass XCM (bars) and the spreading lengths

Fig. 15 Runout distances and spreading lengths of the deposits for
DEM andMPM simulations carried out with a basal friction coefficient
μ = 0.3
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Fig. 16 Total work involved in the flow for MPM (left bars) and DEM
(right bars) simulation when the friction at the base is μ = 0.3. This
total work which is very close to the energy dissipated is partitioned
into three terms: internal, basal collisions (normal) and basal friction
(tangential)

σCM (whiskers at the top of the bars) of the deposits for all
simulations performed (#A, #B and #C). The bars on the left
correspond to the MPM simulations, while the ones on the
right relate to the DEM simulations. For most of the sim-
ulations with the current basal friction coefficient, the mass
centres of the deposits using bothmethods remain very close.

Note that the small differences observed in Fig. 15
between MPM simulations #B and #C are simply the con-
sequence of the differences in initial potential energy due
to different mass densities (initially tuned to have the same
total mass in DEM and MPM simulations) since the block
shapes are not explicitly accounted for in the constitutive
model used.

Taking a look at the partitions of energy dissipation during
the simulations (Fig. 16), the MPM and DEM simulations
are displayed in pairs (MPM on the left, DEM on the right)
and the total energy dissipation is divided into collisions at
the base (Wn), friction at the base (Wt ) and internal (W�)
at the end of the simulations when the mass has stopped
(t = ∞). There is a good match between the MPM and
DEM results, and we can clearly observe that the driving
means of dissipation are the friction at the base (tangential)
for both DEM and MPM, while the internal energy plays
a small part in the overall dissipation, especially during the
initial deformation of the mass. Regarding the normal energy
dissipated at the base by collisions, it can be neglected since
its value is not representative.

In Fig. 16, however, the effect of the container shape, the
block size and the height of release becomes more percep-
tible. For this given basal friction coefficient, the internal
energy dissipated depends mostly on the container shape (for

both DEM and MPM simulations). As an example, we can
see that for cubic containers (#A), the internal energy dissi-
pated is higher than that of the elongated containers (#B and
#C). In fact, when the mass is released at the beginning of the
simulation, it undergoes an initial deformation before achiev-
ing a fairly shallow shape, as seen in Fig. 14. This initial
deformation constitutes the total internal energy dissipated,
plotted in Fig. 16, since after this initial deformation themass
slides along the slope until reaching its stopping point. For
the DEM simulations, the block shape also plays a part, as
pointed out in [19]. In fact, the two block shapes employed in
this study determine whether the elements are prone, or not,
to rotation during the flow. This affects the deposit spread
(as seen before), but also influences the amount of energy
dissipated internally. Even if in this case the mass is mostly
sliding, it can be seen that when using cubic elements the
internal energy dissipated increases, which indicates some
rolling within the material, as seen in simulations labelled
#C.

In general for this given friction coefficient, the two meth-
ods generate very similar results in terms of centre of mass,
spreading of the material and energy dissipated (normal,
tangential and internal). Some characteristics such as the
container shape and the type of blocks used in the DEM can
generate some differences, but they remain very small. Addi-
tionally, qualitatively there is a rather good match between
the twomethods as seen in Fig. 14, not only in terms of shape
but in terms of timing as well. In this particular situation
where μ� is significantly lower than tan(ϕ) (that means that
the internal dissipation phenomena are not predominant), the
plastic constitutive law used (even roughly calibrated) seems
properly adapted to reproduce the behaviour given by the
DEM model.

4.4 Results of basal friction coefficient 0.5. cases #D,
#E and #F

We now consider the basal friction coefficient μ = 0.5 �
tan(26.6◦). This friction is closer to the internal friction used
for in the MPM simulations (ϕ = 28.6◦) while remaining
lower, which triggers a different response of the mass dur-
ing the flow evolution. Due to the higher friction coefficient,
the material undergoes much higher internal plastic strains,
making it dissipate much more energy internally.

In Fig. 17, the kinematic sequences for configurations #D1
(cubic container, cubic blocks and released at 0.4 m) and #F2
(elongated container, cubic blocks and released at 0.8 m) are
shown for DEM and MPM simulations. Overall, results are
still correlated with a certain degree, but differences between
the two methods start to surface and become more evident,
especially when comparing the shape of the mass. Starting
from the second frame in simulation #D1, the curvatures of
the mass surfaces during flow clearly differ, and the whole
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Fig. 17 Kinematics for
simulations #D1 (h = 0.4 m)
and #F2 (h = 0.8 m) with DEM
and MPM

mass spreads slightly less in the MPM simulations leading
to different deposit shapes. Additionally, the flow evolution
tends to be slightly delayed in the MPM simulations, which
can be seen more clearly in the kinematic evolution of con-
figuration #F2.

We turn now to Fig. 18, displaying a DEM/MPM compar-
ison of the runout distances and the spreading of the deposits.
This figure shows that proper correlations still take place in
terms of runout distance, as was the case for the 0.3 basal
friction coefficient, regardless of the container and block
shape. However, with this higher basal friction (μ = 0.5,
Fig. 18), the runout distances are, as expected, smaller than

those obtained previously (μ = 0.3, Fig. 15). In terms of
deposit spreading, some variation between the two methods
starts to emerge (Fig. 18) due to the introduction of shearing
mechanisms within the mass for MPM and between blocks
for DEM. By noticing the variation of σCM, we can see how
the shape of blocks, height of release, together with the con-
tainer shape, become important. For cases #D, which is a
cubic container and cubic blocks (prone to rotation), the σCM
tends to be larger for theDEMsimulations. In cases #F,where
the only difference is the box shape, the σCM remains almost
the same with DEM and MPM. At the opposite, for simula-
tions labelled #E, since the blocks are brick-shaped, rotation
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Fig. 18 Runout distance and standard deviation for simulations with a
basal friction coefficient of 0.5

Fig. 19 Total work involved in the flow for MPM (left bars) and DEM
(right bars) simulations when the friction at the base is μ = 0.5. The
total work is partitioned into three terms: internal, basal collisions (nor-
mal) and basal friction (tangential)

is hindered, and the spread of the deposit remains lower than
that of MPM in all cases.

Figure 19 complements what was mentioned about the
sliding and rolling of the cubes for simulations labelled #D
and #F. We can see how the amounts of internal energy dissi-
pated are, compared to the basal frictional energy, evidently
larger than those found for μ = 0.3. Additionally, these
values found using DEM are relatively larger than those
of MPM, especially when the setups include cubic blocks,
which roll and in turn dissipate much more energy internally
than the MPM. It is important to highlight that the effect of
the container size is seen in the amount of internal energy
dissipated by relating the elongation of the container with
the amount of internally dissipated energy (the thinner the

container, the less plastic deformation develops within the
mass).

Due to the fact that for these simulations the basal friction
coefficient remained lower than the internal friction, we can
see that the tangential energy is preserved as the main means
of dissipation, even if the internal energy has a much larger
value than for the previous basal friction coefficient. Finally,
looking for cases #D and #F, both involving cubic blocks, it is
worth noting that some collision dissipation at the base (work
of normal forces at the base Wn) occurs. This goes back to
the “rolling effect” mentioned previously and indicates that
some of the blocks are rolling beyond the initial mass length,
impacting the slope directly, which also explains why the
spreading of the deposit becomes larger.

By comparing the partition of energy dissipation for DEM
and MPM when the basal friction changes from 0.3 to 0.5
(Figs. 16, 19, respectively), it can be observed that these parti-
tions are rather the same forMPM; this is arguably due to the
fact that the basal friction angle is lower than the internal fric-
tion angle and that the nature of the flow is not substantially
changed. For DEM, an increase of the basal friction coef-
ficient induces rotation of the cubic elements (#D and #F)
which are more apt to rotate than elongated elements (#E).
This induces a change in energy dissipation mode charac-
terised mostly by an increase of dissipation within the mass
(internal).

We can thus conclude that using a basal friction coefficient
μ = 0.5 provides different types of energy dissipation,which
include more contact between the blocks and between the
blocks and the base (DEM) and more energy dissipated plas-
tically (MPM). However, dissipation due to friction between
the material and the base is still present. In general, the final
position of the centres of mass found using both methods
still gives similar results, but in terms of energy dissipation
mechanisms we start to have some major differences.

4.5 Results of basal friction coefficient 0.7. cases #G,
#H and #I

In this final part of the study, we considered a basal fric-
tion coefficient μ = 0.7 � tan(35◦). This time, unlike the
previous two cases in which the basal friction coefficient
remained lower than the internal friction coefficient, a defi-
nitely higher basal friction resistance is involved that favours
shearing within the material.

In Fig. 20, we present the final deposits generated by
simulations #G1 (cubic container, cubic blocks and released
at 0.4 m) and #I2 (elongated container, cubic blocks and
released at 0.8 m). This time, it is clear that the correlations
previously seen between the two numerical models in cases
with lower basal friction coefficients no longer exist. For sim-
ulations involving cubic elements, the centres of mass differ
greatly, with the MPM having a much lower runout distance.
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Fig. 20 Deposits for
simulations #G1 (h = 0.4 m)
and #I2 (h = 0.8 m) with DEM
and MPM

Fig. 21 Comparison of the
DEM deposits for different
basal friction coefficients;
μ = 0.5 (blue) and μ = 0.7
(green). Simulations #D1/#G1
(h = 0.4 m) and #F2/#I2
(h = 0.8 m). (Color figure
online)

Fig. 22 Runout distance and standard deviation for simulations with a
basal friction coefficient of 0.7

Additionally, the spreading of themass is in these casesmuch
larger in the DEM simulations.

The consequences of an increase of the basal friction coef-
ficient from μ = 0.5 to μ = 0.7 can be analysed regarding
the Figs. 18 and 22 (runout distances and the spreading of the
deposits), respectively. It appears that for MPM, an increase
of the basal friction leads to important decreases of the runout
distances since the mass is permanently in contact with the
boundary. Similar trends can be seen for DEM simulations

performed with elongated elements (#E ↔ #H) which pref-
erentially tend to slide on the boundary. On the contrary,
considering DEM simulations involving cubic elements, it
seems that for the lower heights of release (#D1↔ #G1) and
(#F1 ↔ #I1), the runout distances obtained with μ = 0.5
and μ = 0.7 are rather similar regardless of the values of
the basal friction parameter. For higher heights of release,
the increase of the basal friction angle in DEM with cubic
elements induces a decrease of the runout distance. This is
a consequence of complex dissipative mechanisms that can
be captured by DEM and that cannot be reproduced by the
MPM as explained in the following.

The difference in behaviour for cubic blocks is evidenced
in Fig. 21, where only the friction coefficient is varied for two
different configurations (#D1↔ #G1) and (#F2↔ #I2). One
thing to highlight is that while on the slope, the DEM blocks
tend to roll as described before, but once they reach the hor-
izontal surface, they mostly tend to slide, which makes the
basal friction mobilised again. On the slope, where blocks
mostly rotate, an increase of the basal friction coefficient has
almost no effect on the amount of basal dissipated energy
and on the propagation distance. When cubic blocks arrive
with a higher energy at the horizontal surface (higher heights
of release), the sliding interaction between the blocks and
the boundary becomes persistent, making the differences
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Fig. 23 Total work involved in the flow for MPM (left bars) and DEM
(right bars) simulations when the friction at the base is μ = 0.7. The
total work is partitioned into three terms: internal, basal collisions (nor-
mal) and basal friction (tangential)

between simulations with different basal friction coefficients
more noticeable.

Comparison between MPM and DEM (Fig. 22) shows
that in cases #G and #I, where cubic blocks used in the
DEM simulations are more subjected to rolling, the runout
distances differ drastically between the two models. On the
other hand, cases labelled #H, in which the DEM blocks are
brick-shaped, present a runout distance very similar to that of
MPM, regardless of the height of release. However, a slightly
larger spreading takes place in theMPM simulations. As was
mentioned before, these brick-shaped blocks are not as prone
to rolling, and overall the mass tends to slide down the slope.
In terms of deposit spreading, since the propagation mecha-
nism in cases labelled #G and #I is mainly rolling in the case
of the DEM simulations, there are large differences when
comparing the two methods.

We now turn to Fig. 23, which shows the different means
of energy dissipation during the flow. Cases labelled #H,
in which the MPM and DEM runout distances and deposit
spreadings presented similar results (see Fig. 22), demon-
strate that in both methods the principal means of dissipation
is still frictional between the mass and the boundary. As
mentioned in the previous paragraph when explaining cases
labelled #G and #I (cubic elements), an increase in the basal
friction does not lead to an increase of the tangential basal
dissipated energy due to the rolling of the blocks on the
slope. This can be seen in an increase of the internal dissi-
pated energy, especially for lower heights of release forwhich
blocks do not propagate on the horizontal plane. In addition,
an increase in normal energy dissipated can be seen which is
related to the constant rolling of the cubes and their collision

with the surface, which means the blocks are rolling beyond
the initial mass length.

Therefore, using this basal friction coefficient as an exam-
ple, we can say that in order to have a better approximation
to the complex behaviour shown by the DEM, the present
elasto-plastic law should be improved. In addition, a law
capable of better representing the interaction mechanisms
that take place within a granular flow, such as rolling of indi-
vidual particles or overall turbulence, should be used. This
perspective seems far-fetched since the mechanisms to be
reproduced are very complex.

5 Conclusions

In this study,we analysed howagranularmaterial flows down
a slope using both the MPM and DEM in order to test the
relevance of two types of numerical methods (discrete and
continuous) in terms of kinematics of granular avalanches
(propagation distances and amounts of dissipated energies).
For this, different container shapes, internal block shapes
(DEM), heights of release and friction coefficientswere used.

It was found that from the parameters chosen, the basal
friction coefficient seems to have the strongest influence
on the outcome. This determined the different types of
behaviours that can be found during the propagation of a
granular material. Overall, it was found that for low basal
friction coefficients, the material tends to dissipate energy
mostly in the form of friction with the surface and there is
very little energy dissipated internally due to normal contact
with the surface. In this case, simulations using bothmethods
showed very similar results quantitatively and qualitatively.
For medium basal friction coefficients, some shearing within
the material started to occur, and while the means of dissi-
pation remained frictional, a different behaviour started to
surface, where in the MPM simulations the material under-
went some shearing while in the DEM simulations some
rolling and sliding of the cubic blocks took place. The means
of energy dissipation between the two methods started to
diverge, but results in terms of spreading of the deposit
and runout distance between the two methods still matched.
Lastly, for high basal friction coefficients, the behaviour that
started to surface with medium basal friction coefficients
was intensified. In this case, correlations between the two
methods were only found when the rolling of the blocks was
hindered, that is, when brick-shaped blocks were utilised.
These correlations happened in terms of runout distance and
spread of the deposit. For MPM, an increase of the basal
friction angle induces systematically an increase of the basal
and internal dissipative energies. ForDEM,whenusing cubes
which are prone to rotate on the slope and to slide on the hor-
izontal plane, an increase of the basal friction angle leads
to minor changes in total energy dissipated on the slope
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and major changes on the horizontal plane consecutively to
the increase of basal dissipation. When using elongated ele-
ments, sliding mechanisms and basal friction become more
influent so that the DEM and MPM results, governed by
rather similar mechanisms, are rather equivalent in terms of
positions of mass deposit. To reproduce this difference of
behaviour in MPM inherent to DEM block shape seems to
be a hard challenge to solve.

In general, the study shows that the MPM is capable of
modelling the behaviour described by theDEMunder certain
conditions, specially in terms of runout distance and spread
of the deposit. This holds true for cases where the flow hap-
pens along a slope, as in the cases presented in this study. For
conditions where the topography includes much larger irreg-
ularities, such as cliff, the DEM would prevail as the better
method to simulate this type of phenomena. In spite of that,
the results found in this study are encouraging, given that
the constitutive law used to model the behaviour of the soil
in MPM was a rather simple law (Mohr-Coulomb). Proba-
bly, some more advanced constitutive laws such as the “μ(I )
law” [13] should be able to better reproduce some aspects
of the granular flow, as internal dissipation due to collision
or rotation of elements. Nevertheless, complex mechanisms
like those induced at the base of the flow considering cubes
or elongated element on the slope or on the horizontal plane
seem complex to integrate.

Acknowledgements This work was supported and funded by IMSRN
company (headed by Pierre Plotto) and ANRT (French ministry: Min-
istère de l’Enseignement supérieur, de la Recherche et de l’Innovation).

References

1. Banton J,Villard P, JongmansD, ScaviaC (2009)Two-dimensional
discrete element models of debris avalanches: parameterization
and the reproducibility of experimental results. J Geophys Res
114(F4):F04013. https://doi.org/10.1029/2008JF001161

2. Bardenhagen SG, Kober EM (2004) The generalized interpolation
material point method. CMES Comput Model Eng Sci 5(6):477–
495. https://doi.org/10.3970/cmes.2004.005.477

3. BelytschkoT, LuYY,GuL (1994) Element-freeGalerkinmethods.
Int J NumerMethods Eng 37(2):229–256. https://doi.org/10.1002/
nme.1620370205

4. Bottelin P, Jongmans D, Daudon D, Mathy A, Helmstetter A,
Bonilla-Sierra V, Cadet H, Amitrano D, Richefeu V, Lorier L, Bail-
let L, Villard P, Donz F (2014) Seismic and mechanical studies of
the artificially triggered rockfall at the mount neron (french alps,
december 2011). Nat Hazards Earth Syst Sci 14(2):3175–3193

5. Brackbill J, Ruppel H (1986) FLIP: a method for adaptively
zoned, particle-in-cell calculations of fluid flows in two dimen-
sions. J Comput Phys 65(2):314–343. https://doi.org/10.1016/
0021-9991(86)90211-1

6. Brackbill JU,KotheDB,RuppelHM(1988)Flip: a low-dissipation,
particle-in-cell method for fluid flow. Comput Phys Commun
48(1):25–38. https://doi.org/10.1016/0010-4655(88)90020-3

7. Brannon R, Burghardt JA, Bronowski D, Bauer S (2009) Experi-
mental assessment of unvalidated assumptions in classical plastic-
ity theory, Report No.: SAND2009-0351, Grant Number: AC04-
94AL85000, Sandia National Laboratories (Pub.). https://doi.org/
10.2172/948711

8. Cleary PW, Prakash M (2004) Discrete-element modelling and
smoothed particle hydrodynamics: potential in the environ-
mental sciences. Philos Trans R Soc A Math Phys Eng Sci
362(1822):2003–2030. https://doi.org/10.1098/rsta.2004.1428

9. Cundall P (1971) A computer model for simulating progressive,
large scale movement in blocky rock systems. In: Proceedings of
the symposium of the international society for rock mechanics,
society for rock mechanics (ISRM), Nancy, France, vol 2, pp 129–
136

10. Cundall PA, Strack ODL (1979) A discrete numerical model for
granular assemblies. Géotechnique 29(1):47–65. https://doi.org/
10.1680/geot.1979.29.1.47

11. Gingold RA, Monaghan JJ (1977) Smoothed particle hydrody-
namics: theory and application to non-spherical stars. Mon Not R
Astron Soc 181(3):375–389. https://doi.org/10.1093/mnras/181.3.
375

12. Harlow FH (1957) Hydrodynamic problems involving large fluid
distortions. J ACM4(2):137–142. https://doi.org/10.1145/320868.
320871

13. Jop P, Forterre Y, Pouliquen O (2006) A new constitutive law for
dense granular flows. Nature 441:1–13

14. Mangeney-Castelnau A (2003) Numerical modeling of avalanches
based on Saint Venant equations using a kinetic scheme. J Geophys
Res 108(B11):2527. https://doi.org/10.1029/2002JB002024

15. Manzella I, Labiouse V (2009) Flow experiments with gravel and
blocks at small scale to investigate parameters and mechanisms
involved in rock avalanches. Eng Geol 109(1–2):146–158. https://
doi.org/10.1016/j.enggeo.2008.11.006

16. Manzella I, Labiouse V (2013) Empirical and analytical analyses
of laboratory granular flows to investigate rock avalanche prop-
agation. Landslides 10(1):23–36. https://doi.org/10.1007/s10346-
011-0313-5

17. McDougall S, Hungr O (2004) A model for the analysis of rapid
landslide motion across three-dimensional terrain. Can Geotech J
41(6):1084–1097. https://doi.org/10.1139/t04-052

18. Mollon G, Richefeu V, Villard P, Daudon D (2012) Numerical sim-
ulation of rock avalanches: influence of a local dissipative contact
model on the collective behavior of granular flows. J Geophys Res
Earth 117(F2):F02036. https://doi.org/10.1029/2011JF002202

19. Mollon G, Richefeu V, Villard P, Daudon D (2015) Discrete mod-
elling of rock avalanches: sensitivity to block and slope geometries.
Granul Matter 17(5):645–666. https://doi.org/10.1007/s10035-
015-0586-9

20. Moresi L, Dufour F, Mühlhaus HB (2003) A Lagrangian integra-
tion point finite element method for large deformation modeling
of viscoelastic geomaterials. J Comput Phys 184:476–497. https://
doi.org/10.1016/S0021-9991(02)00031-1

21. Okura Y, Kitahara H, Sammori T, Kawanami A (2000) Effects
of rockfall volume on runout distance. Eng Geol 58(2):109–124.
https://doi.org/10.1016/S0013-7952(00)00049-1

22. Pirulli M, Bristeau MO, Mangeney A, Scavia C (2007) The effect
of the earth pressure coefficients on the runout of granular material.
Environ Model Softw 22(10):1437–1454. https://doi.org/10.1016/
j.envsoft.2006.06.006

23. Richefeu V, Mollon G, Daudon D, Villard P (2012) Dissipative
contacts and realistic block shapes for modeling rock avalanches.
Eng Geol 149–150:78–92. https://doi.org/10.1016/j.enggeo.2012.
07.021

123

https://doi.org/10.1029/2008JF001161
https://doi.org/10.3970/cmes.2004.005.477
https://doi.org/10.1002/nme.1620370205
https://doi.org/10.1002/nme.1620370205
https://doi.org/10.1016/0021-9991(86)90211-1
https://doi.org/10.1016/0021-9991(86)90211-1
https://doi.org/10.1016/0010-4655(88)90020-3
https://doi.org/10.2172/948711
https://doi.org/10.2172/948711
https://doi.org/10.1098/rsta.2004.1428
https://doi.org/10.1680/geot.1979.29.1.47
https://doi.org/10.1680/geot.1979.29.1.47
https://doi.org/10.1093/mnras/181.3.375
https://doi.org/10.1093/mnras/181.3.375
https://doi.org/10.1145/320868.320871
https://doi.org/10.1145/320868.320871
https://doi.org/10.1029/2002JB002024
https://doi.org/10.1016/j.enggeo.2008.11.006
https://doi.org/10.1016/j.enggeo.2008.11.006
https://doi.org/10.1007/s10346-011-0313-5
https://doi.org/10.1007/s10346-011-0313-5
https://doi.org/10.1139/t04-052
https://doi.org/10.1029/2011JF002202
https://doi.org/10.1007/s10035-015-0586-9
https://doi.org/10.1007/s10035-015-0586-9
https://doi.org/10.1016/S0021-9991(02)00031-1
https://doi.org/10.1016/S0021-9991(02)00031-1
https://doi.org/10.1016/S0013-7952(00)00049-1
https://doi.org/10.1016/j.envsoft.2006.06.006
https://doi.org/10.1016/j.envsoft.2006.06.006
https://doi.org/10.1016/j.enggeo.2012.07.021
https://doi.org/10.1016/j.enggeo.2012.07.021


Computational Particle Mechanics (2019) 6:591–609 609

24. Stoker H (1999) Developments of the arbitrary lagrangian-eulerian
method in non-linear solid mechanics applications to forming pro-
cesses. Universiteit Twente, Enschede

25. Sulsky D, Brackbill JU (1991) A numerical method for suspen-
sion flow. J Comput Phys 96(2):339–368. https://doi.org/10.1016/
0021-9991(91)90240-L

26. Sulsky D, Chen Z, Schreyer HH (1994) A particle method
for history-dependent materials. Comput Methods Appl Mech
118:179–196. https://doi.org/10.1016/0045-7825(94)90112-0

27. Taboada A, Estrada N (2009) Rock-and-soil avalanches: theory
and simulation. J Geophys Res Solid Earth 114(3):1–23. https://
doi.org/10.1029/2008JF001072

28. Tommasi P, Campedel P, Consorti C, Ribacchi R (2008) A
discontinuous approach to the numerical modelling of rock
avalanches. Rock Mech Rock Eng 41(1):37–58. https://doi.org/
10.1007/s00603-007-0133-z

29. Valentino R, Barla G, Montrasio L (2008) Experimental analysis
and micromechanical modelling of dry granular flow and impacts
in laboratory flume tests. Rock Mech Rock Eng 41(1):153–177.
https://doi.org/10.1007/s00603-006-0126-3

30. Wood DM (1991) Soil behaviour and critical state soil mechanics.
Cambridge University Press, Cambridge. https://doi.org/10.1017/
CBO9781139878272

31. Zhou GG, Sun QC (2013) Three-dimensional numerical study on
flow regimes of dry granular flows by DEM. Powder Technol
239:115–127. https://doi.org/10.1016/j.powtec.2013.01.057

32. Zienkiewicz OC, Taylor RLRL (2005) The finite element
method for solid and structural mechanics. Elsevier Butterworth-
Heinemann, Oxford

Publisher’s Note Springer Nature remains neutral with regard to juris-
dictional claims in published maps and institutional affiliations.

123

https://doi.org/10.1016/0021-9991(91)90240-L
https://doi.org/10.1016/0021-9991(91)90240-L
https://doi.org/10.1016/0045-7825(94)90112-0
https://doi.org/10.1029/2008JF001072
https://doi.org/10.1029/2008JF001072
https://doi.org/10.1007/s00603-007-0133-z
https://doi.org/10.1007/s00603-007-0133-z
https://doi.org/10.1007/s00603-006-0126-3
https://doi.org/10.1017/CBO9781139878272
https://doi.org/10.1017/CBO9781139878272
https://doi.org/10.1016/j.powtec.2013.01.057

	Comparison of two numerical approaches (DEM and MPM) applied  to unsteady flow
	Abstract
	1 Introduction
	2 Discrete element model
	3 Material point method
	3.1 Conservation equations
	3.2 Discretisation of the MPM
	3.3 Scheme of the explicit solutions
	3.4 Background grid
	3.5 Continuum discretisation and shape functions
	3.6 Volume surrounding each material point
	3.6.1 Deformation
	3.6.2 Splitting

	3.7 Mohr-Coulomb constitutive relation
	3.7.1 Yield criterion
	3.7.2 Return algorithm


	4 Applications
	4.1 Geometry and mechanical parameters
	4.2 Partition of the energy dissipated
	4.3 Results of basal friction coefficient 0.3. cases #A, #B and #C
	4.4 Results of basal friction coefficient 0.5. cases #D, #E and #F
	4.5 Results of basal friction coefficient 0.7. cases #G, #H and #I

	5 Conclusions
	Acknowledgements
	References




